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PREFACE. 



The Author of the following pages, during an experience 
of several years in teaching large Classes in the U. S. Mili- 
tary Academy, has had an opportunity to become quite 
familiar with the difficulties met by the pupil in the study 
of the Differential and Integral Calculus. In his endeavours 
to aid in the removal of these difficulties, he has, from time 
to time, selected, from various works on the subject, such 
modes of treating the different portions of it as to him 
seemed best calculated to bring about this end ; and after 
subjecting them to the test of experience, now seeks to ar- 
range and systematize them, in the hope that he may thus 
do something towards the advancement of a more general 
and thorough study of this most important auxiliary to 
scientific research. 

JJn S* Military Academy^ 
West'PoirU, N. F., November lOth, 1842, 
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DIFFERENTIAL CALCULUS. 



FIRST PRINCIPLES. 

1. In the branch of Mathematics here treated, as in Analytical 
Geometry, two kinds of quantities are considered, viz. variables 
and constants ; the former admitting of an infinite number of 
values in the same algebraic expression, while the latter admit of 
but one. The variables are generally designated by the last, and 
the constants by the first letters of the alphabet. 



2. One variable quantity is a function of another, when it is so 
connected with it, that any change of value in the latter necessa^ 
rily produces a corresponding change in the former. Thus in 
the expressions 



u =^ hx 



au^ = cx' 



ti is a function of a;, and x is also a function of u. One of these 
variables is usually called the function, and the other the indepen^ 
dent variable^ or simply the variable ; since to one, any arbitrary 
values may be assigned, and from the connection between the 
two, the corresponding values of the other deduced. 

1 



This relation is expr|^sed generally thtis> 

u •= f {x) M = (p (x) or f (w, x) = 0, 

y and 9 being mere symbols, indicating that u is a function of x. 
The first two expressions are read, u a function of or, or u equal to 
a function of x ; and the tl^rd, a function of u and x equal to zero. 



8. Functions are Increasing and Decreasing : 

Increasing^ when they are increased if the variable be in- 
creased, or decreased if the variable be decreased : Decreasing 
when they are decreased if the variable be increased, or increased 
if the variable be decreased. In the expressions 

u =■ ax^ M = (a: + a)^ > 

u is an increasing function of x. In the expressions 

y=-. y = ^a — xy 

X 

y is 3, decreasing function of x. In the expression 

z= {a- yf 

z isR decreasing function, for all values of y less than a, but in- 
creasing for all values greater than a. 



4. Functions are also Explicit and Implicit : 

Explicit^ when the value of the function is directly expressed 
in terms of the variable : Implicit, when this value is not directly 
expressed. In the examples 



w = (a — xy y= y/a^ — x^ 

u and y are explicit functions of x. In the examples 
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au? + bx= cx^ 2^ = 0* — 3^ 

or 

€nf + bx — ca^ = j/^ +3^ — a' = o, 

they are implicit functions of x. 

The relation between an implicit function and its variable may 
be expressed, either by a single equation, as above, or by two or 
more equations, as 

M = a^ j^ = bx^ 

in which u is an implicit function of x. The first relation is in- 
dicated generally by 

/(m, x) = 0, 

and the other thus, 

^ =f(y) y = 9 (^)- 

5. Functions are also Algebraic and Transcendental : 
Algebraic^ when the relation between the function and variable 
can be expressed by the ordinary operations of Algebra, that is, 
by addition, subtraction, multiplication, division, the formation of 
powers denoted by constant exponents, and the extraction of roots 
indicated by constant indices : Transcendental, when this relation 
cannot be so expressed. In the examples 

u = log a; M = sin (a — x) u-= <f 

u is a transcendental function of x. If the variable enter any 
of the exponents, the function is called Exponentied. If the 
logarithm of a variable enter, the function is Logarithmic, In 
the expressions 

u = sin a? M = cos X u= tang - 

X 
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u is said to be a Circular function. 

6. A quantity may be a function of two or more variables, as 
in the examples 

u =^ oix? + by 2 = ax^ — m** 

denoted in general thus, 

If in a function of a single variable, the latter be made equal 
to zero, the function reduces to a constant, as in the examples 

If 3^ = 0, we have m = o. If a? = o, t* = c. 

If in a function of two variables, one be made equal to zero, 
the function, in general, reduces to a function of the other. So 
in a function of three variables, if one be made equal to zero, the 
result will be a function of the other two : If all be zero, the 
function reduces to a constant ; as in the example 

u =:^ ax + hx^ + CT? + d^ 

2? = gives 

M =: oa? + hf+ d =/(a?, y) ; 

2=0 and y = give 

u:== ax + d=f{x); 

Kzsz o^y :sz 0, and x ==0^ give 

u = d = SL constant. 

If then in a function of one or more variables, a variable be 
made equal to zero, the result will be entirely independent of thai 
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variable. If however in a function of several variables, one be a 
factor of all the terms containing any of the others ; when this 
variable is o, the function reduces to a constant, as in the ex- 
ample 

u = c+ as?y + bzt^ = f{x, y, z), 

y =: q gives 



7. To explain what is meant by tJie differential of a quantity or 
functiony let us take the simple expression 

u=^a!x^ (1) 

in which u is a function of x* Suppose a; to be increased by 
another variable h ; the original function then becomes a {x + hy ; 
calling this new state of the function u\ we have 

«'= a(x + hy = as^ + 2axh + ah?. 

From this, subtracting equation (1), member from member, we 
have 

tt' — tt = 2axh + ah' (2). 

The second member of this equation is the difference between 
the primitive and new state of the function o^, while h is the dif- 
ference between the two corresponding states of the independent 
variable x. As the variable h is entirely arbitrary, an infinite 
number of values may be assigned to it. Let one of these values, 
which is to remain the same throughout the Calculus, be denoted 
by dx^ and called differential of x, to distinguish it from all other 
values of A.This particular value being substituted in equation 
(2), gives for the corresponding difference between the two states 
of Uf or aai^f 
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u' — u •= 2ax,dx + a (da?)'. 

Now, the first term of this particular difference is called the 
differential of m, and is written 

du = 2ax,dx. 

The coefficient (2aa:) of the differential of a;, in this expression, is 
called, the differential coefficient of the function u, and is evidently 
obtained by dividing the differential of the function by the differ- 
ential of the variable ; and is in general written 

du 

— - = 2ax. 

dx 

Resuming the expression 

u' — M = 2axh + a^*, 

and dividing by A, we have 

— - — = 2ax + ah. 
h 

In the first member of this equation, the denominator is the 
variable increment of the variable x, and the numerator the cor- 
responding increment of the function u ; the second member is 
then the value of the ratio of these two increments. As h is 
diminished, this value diminishes and becomes nearer and nearer 
equal to 2ax^ and finally when A = o, it becomes equal to 2ax, 
From this we see, that as these increments decrease, their ratio 
approaches nearer and nearer to the expression 2aa7, and that by 
giving to h very small values, this ratio may be made to difier 
from 2007, by as small a quantity as we please. This expression 
is then properly, the limit of this ratio^ and is at once obtained 
from the value of the ratio, by making the increment h = o. It 
will also be seen, that this limit is precisely the same expression as 
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the one which we have called the differential coefficient of the 
function u. 

What appears in this particullur example is general, for let 

tt = / (a?), 

u being any function ofx, and let x be increased by A, then 

u'=f{x + h). 

Suppose^* (a? + A) to be developed, and arranged according to the 
ascending powers of hy and u to be subtracted from both members, 
we then have 

u'— M = PA + QA^ + RA3 + dec (3) 

P, Q, R, &c., being functions of x, and every term of the second 
member containing A, because u^ — u must reduce to o when 
A = 0. Substituting for A the particular value dx, and taking the 
first term for the differential oft/, we have 

du = Fdx, and -- = p. 

ax 

Dividing both members of equation (3) by A, we have 

??l-=lif = P + QA + RA^ + &c (4). 

A 

Obtaining the limit of this ratio by making A = o, and denoting 
it by L, we have 

L = P, 

nil 

the same value found above for — ; hence, the differential coeffi' 

dx 

dent of a function is always equcd to the limit of the ratio of the in- 
crement of the variable^ to the corresponding increment of the 
function. 
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8. The difiereDtial of a function of a single variable may then 
be thus defined. If the variable be increased by a constant quantu 
ty^ cdUed the differential of ike variable^ and the difference between 
the new and primitive states of the function be developed accord- 
ing to the ascending powers of the increment ; that term of this 
difference which contains the first power of the increment is the dif* 
ferential of the function. 

It will in general be found most convenient to obtain first, the 
differential coefficient, for which we have the following rule : 

Crive to the variable a variable increment, find the correspond- 
ing state of tJie function^ from which subtract the primitive state, 
divide the remainder by the increment^ obtain the limit of this ratio 
by making the increment equal to zero, the result will be the dif- 
ferential coefficient : This, multiplied by the differential of the 
variable, will give the differential of the function. 

The object of the Differential Calculus is, to explain the mode 
of obtaining and applying the differentials of functions. 

9. Let the preceding principles be illustrated by the following 

Examples. 
1. Let u = ba^. 

For X put X + 7i, then, 

u' = b(x + hf = bx^ + Sb!x?h + Sbxh"" + bh^ 
u'-^u = Sbit'h + Sbxh"^ + bh^ 

ULlZl = ^sbx' + Sbxh + bh'; 
h 

passing to the limit, and denoting it by L, we have 

dx 
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whence 



2. Let 

u = aa?^ — ex. 

Putting 07 + A for x^ and subtracting, we have 

u* — u= 2axh + ah^ — ch 



u' — u 



= 2ax + ah — c ; 



making A = o, we have 



whence 



L = 2(tx — c = — , 

dx 



du = 2axdx — cdx. 



3. Let 



a 

X 



then 



u = 



u* -^ u = 



X + h 
a a — ah 



a? -f- A X a? -{■ xh 



u' — u — a 



X* + xh 



and 
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d(? dx 

s 

whence 

, adx 

4. If 

u = Stu^ — Tnx* du = (Oar* — Amif) dx. 

10. Equation (4) article (7) may be put under the form 

Hl=Jf = P + A(Q + RA + &c.), 
h 

and if the expression Q + RA + &c., (which is a function of x 
and A,) be represented by P', this becomes 

-5^^ = P-f P'^ (1); 



whence 

that is, the new state pf the function is equal to its primitive state^ 
plus the differential coefficient of the function into the first power 
of the increment of the variable^ plus a function of the variable and 
its increment, into the second power of the increment. This expres- 
sion for the new state of the function being an important one 
should be carefully remembered. 



11. If u be an increasing function of x; its new state u* 
will be greater than «, and — — in equation (1) of the preced- 
ing article, will be positive for all values of A. Its limit must 
then he positive. 
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tt' U 

If tt be a decreasing fuDction ; m' will be less than m, — - — 

negative, and its limit also negative. But this limit is the differen- 
tial coefficient of tf, Art. (7). Hence, tJie differential coefficient of 
an increasing function is cdways positive ; and of a decreasing 
function, negative. 

It should be observed, that the signs of the differential and 
differential coefficient are always the same. 



12. If we resume equation (4) Art. (7), and transpose P ; we 
have 



u — u 



— P = QA + Rtf+&c. 



Since when A = o, the expression for the ratio — r— reduces to 

h 

P, Art. (7); we can plainly assign a value to h sosmallthat 

— — < 2P or — P < P ; 

whence 

QA + R^" + &c. < P, 

and multiplying by h 

PA > QA« + RV + &c., 

which condition will be fulfilled by any value of h which will 

make — 7 — < 2P. That is ; in a series arranged according to 

the ascending powers of a variable ; it is always possible to assign 
to the variable, a value so small as to make tht :'r9* *erm greater than 
the sum of all the others. 
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13. Let 

U = V, 

u and V being functions of the variable a;, which are equal to each 
other for every value of a?. If a? be increased by A, and u' and 
v' be the new states of u and v, we have 

or placing for u' and v' their values as expressed in Art. (10) ; 

PA + FA'' = QA + Q'A^ 

or 

P + P'A = Q + Q'A, 

and since P and Q are entirely independent of A, when A = o 
there results 

P = Q or P(Za? = Q(^. 

But P is the differential coefficient of u, and Q the differential 
coefficient oft?, Art. (10), therefore 

du = dVy 

that is ; if two functions of the same variable are equal, their differ ^ 
entials tviU also he equal. 



14. But if 

tt = r ± C, 

u and V being functions of x, and C a constant ; and x be in- 
creased by A, we have <, 

M' = t?' di C, 

or placing for v' its value. 
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1JZJ^ = CI + CI% 



and passing to the limit, 

ax 
ivhence 

du = Qjdx. 

Q being the differential coefficient of v, Qjdx is its differentia], 
therefore 

du = d (v dt C) = dv, 

that is ; iftvoo differentials are equals it does not follow that the ex^ 
pressionsfrom which they were derived^ are equal. We see also, 
that a constant connected by the sign db with a variable, disap- 
pears by differentiation. In fact, the differential of a constant is 
zero; since as it admits of no increase, there is no difference be- 
tween two states, and of course no difierential. Art. (8). 



15. Let u =■ Av, 

then 

tt' = Atj' = A (i> + QA + QW) Art. (10), 

till = A (Q + Qlh) 



L = AQ = -J- ; whence du = ^Q/dx. 
ax 
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But Q4x is the differential of v ; therefore 

du:=d (At?) = AdtJ, 

that is, the differential of the product of a congt4int by a variable 
function, is equal to the constant multiplied by the differential of the 
function. 



• 



16. When two variable quantities are so connected that one is 
a function of the other ; either may be regarded as the function, 
and the other as the independent variable. Thus from the expres- 
sion u = OB*, we readily obtain jt7 = \/-; in which x may be 

^ a 

considered a function of the variable u» 
In general let 

«=/W (1); 

then by deducing the value of x, 

*=/(«) (2). 

In this last expression, let the variable u be increased by any 
variable increment u' — u = A;, a; will receive the corresponding 
increment x! — x, and the ratio of these increments will be 

^ w- 

If the increment x' — a; be denoted by A, and we substitute 
07 + ^ for X, in equation (1) we shall obtain 

and substituting these values of a;' — x and k in expression (3), 
we have 
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~r" "" PA + P'A« "" P + FA" 

Passing to the limit by makiDg k^ the increment of u, equal 
to Oy in which case A = o, we have 

- _ 1 _dx 

^"P"5ii- 

du 
But P = — , hence 

du du 
dx 

that is, the differential coefficient of x regarded as a function ofu^ 
is the reciprocal of the differential coefficient of u regarded as a 
function of x. 

To illustrate, take the example 

u = as^; 
whence 



^ a 



du 
In article (7) we have found -r- = 2ax, then 



dx 



dx 1 I 



du du 2ax /u ^Vau 



17. Let u be an implicit function of x of the second kind, 
Art. (4), as 

«=/(y) (1) y = <?(*) (2). 
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If X be increased by A, y will receive an increment y* — y, which 
• we denote by k ; and these increased values of y and x in the se- 
cond members of (1) and (2) will give 

whence 

and by multiplication, 

"^LlZl X tjl^ = QP + Q'PA; + QP'/i + &c., 

or since y' — y = A; 

u' — u 



= QP + Q'P^ + QP'A + &c, 



Passing to the limit by making A = o, which gives A; = o, we 
have 



L = QP = 3^. 

ax 



But 



Q=:J and P = ^; 

ay dx 



whence 



du du _ dy 
(Zx £^2^ dx' 

that is, the d^erentiid coefficient of u regarded as a function of x, 
is equal to the differential coefficient of u regarded as a function of 
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y, multiplied by the differential coefficient of y regarded as a func^ 
turn of X, 

If 

«« =/(«) (3) and » = <p (a?) (4) ; 

in which case u is evidently an implicit function of v ; we find 
from equation (4) 

« = <p'(t?) (5), 

and applying the preceding principles to equations (3) and (5), 
we have 

du __du dx y^x 

do dx do 
But 

^=;i Art. (16). 

av do 

dx 

m 

which value in (6) gives 

du 
du ^ dx 
do do 

dx 



DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 

18. Let 

in which o to and z are functions of x. Increase 2; by i^ then 

3 
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t*' = ©' =h lo' ± «' 
tt' — M = (d' — u) db (m/ - w) ± (z* — z) , 

from which, after substituting for (»' — v), (to' — to), &c., their 
values as in article (10), and dividing by h, we have 

!fl=lif = (Q + Q'h) ± (R + R'h) =b (S + 8'h). 

Passing to the limit 

L = Q±R±S = ^;. 

whence 

du = Qdx db Rdx db Sc2a; ; 

or since, 

Qdx=^ dVf Rdx = dwj 8dx = dz Art. (8), 

du=i dv ^ dw dc dzy 

that is ; the differential of the sum or difference of any number of 
functions of the same variable is equal to the sum or difference of 
their differentials taken separately. Thus, if 

u = aa? — ha? 

du — d{a3^) - d{h(c') = 2axdx - Zht^dx Arts, (7 & 9). 



19. Let tm be the product of any two functions of jt, then u'v' 
will be the new state of the product, when x is increased by 
h. But 

u' = u + Vh+ V*h\ t>' =: t? + Q/ii + Q'**, 

and by multiplication, 
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ttV = tto + vFh + t«QA + PQA* + &c., 



thence 



t*'t>' — uv 



= t>P + tiQ + terms containing h. 



Passing to the limit we have 

L=t,P + «Q=^; 

whence 

^dtiv = vPdx + uQjdx = vdu + udv, 

that is : The d^erential of the product of two fimdions of the 
same variable^ is equal to the sum of the products obtained by 
multiplying each function by the differential of the other. 

20. Let uos be the product of three functions. Place 

ttv = r , then uvs = rs , 

and 

d(uvs) = d(rs) = rds + sdr (1) . 

But since 

r = MU , dr=z udv + vdu ; 

hence by substitution in equation (1) 

d(uDs) = uvds + sudv + svdu. 

If we have the product of four functions uvswj we may place 
sw=^ r^ and by a process precisely similar to the above, obtain 

d(uosw) = UDsdw + umods + uwsdv + vwsdu (2), 

and we readily see, that by increasing the number of functions, 
we may in the same way prove, that tJie differential of tJie pro* 
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duct of any number of functums of the same variable^ is equal to 
the sum of the products obtained by multiplying the differential of 
each into aU the others. 



21. If we divide both members of equation (2) of the prece- 
ding article by uvsw, we have 

d(uvsw) dw ds dfo du 
= 1 1 1 » 

UVStff w 8 V u 

and we should have a similar result for any number of functions ; 
whence we may conclude in general, that the differential, of the 
product of any number of functions divided by the product^ is 
equcd to the sum of the quotients obtained by dividing the diff'ereU' 
tial of each function by the function itself 



22. Let u = t?% 

V being any function of x, and m any number, entire or frac- 
tional, positive or negative. Increase x by A, then 

tt' = t>"» = (© + QA + QfhY Art. (10), 

or placing in the binomial formula 

(a? + a)« = a:^ + max"^' + ^^^ 7 ^ ^q"a?"^+ &c., 

V for X, and (QA + Q'A^) for a ; 

we have 

u' = [v+{Qli + Q'tf )]"* = v^ + m(QA + (i'h^)v'^^ + &c. 



u' — u 



m(Q + Q'A)i?"^» + &c., 
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each of the following terms containing 7i as a factor. Then 

du = dv"^ = mv'^^iidx = mV^^dv (1), 

since Qjdx = dv^ Art. (8). That is, to obtain the differential of 
any power of a function : Diminish the exponent of the power by 
unity ^ and then muUiply by the primitive exponenty and by the dif- 
ferential of the function. 

Examples. 



1. If 








u 


= ax\ 




then Art. 


(15) 
















du = 


a.dx* 


— 


aAt^dx ' 


= Aas^dx. 



2. If tt = M 

du = rfix^^dx = z:bx~i dx = „ _ 
3 3 sVaJ 

3. If u=:cx-^ 

2cdx 



du =^ — ScxT^dx = — 



x' 



4. If tt = (ax — a?y 

du = 5(ax — a^y d(ax — or^) ; 



but 



d(ax — a?) = adx — 2xdx Art. (18); 



hence 



du = b{ax — ofy{a — 2a7)c2a7. 
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23. If in equation (1) of the preceding article we make 

« = i,wehave 
n 






1 '^^ dv 

f 






or 



dv 



If n = 2, we have 

dv 

that is, the differential of a radical of the second degree is equal 
to, the difererUidl of the quantity under the radicals, divided by 
twice the radical. 



If n = 3, we have 



3Vv2 



,3 av 



and in general the differential of a radical of the nth degree is 
equal to, the differential of the quantity under the radical divided 
by n times the (n — l)th power of the radical. 

Examples. 



3 



1. If M = Vax 



, das^ Saa^dx 3 . — 

^"^ = — 7=1 = — 7=== = —vax.dx* 
2Vaci^ 2Vaix? 2 
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2. If u= Vb^^ *«= ^ 



3 V{b — xy 



8. Let u = v/fer* *• Let « = •v/2aB — a;*. ^" = • ■. 

24. Let tf = - = «)"' , 

V 

8 and V being functions of the same variable, then Art. (19) 

du = V^ds + sdv"^ = V^ds — sV^dv , 
or 

- ds sdv 

du=^ -o ; 

V vr 

whence by reducing to a common denominator 

X vds — sdv ,,v 

dtt = tf- = J (1), 

*■ 
that is, the differential of a fraction is equal to, the denominator 

into the differential of the nttmerator^ minus the numerator into the 

differential of the denominator^ divided by the square of the denomi* 

nator. 

If the denominator be constant^ dv = o, and equation (1) becomes 

, vds ds 
du = — s- = — . 
vr v 

If the numerator be constant^ ds=o and equation (1) becomes 

sdv 



du= — 



tj* 



In this last case it is evident that u is a decreasing function of 
Vf and that its differential should be negative, Art. (11). 
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Examples* 

1. If M=— ^, 

a — X 



^ {a — x)dx — xd{a — x) (a — x)dx + xdx__ adx 

" (^^="i)^ "" (a — xf - {a^xf 



2. If M = "^^ 



(2u = 



dttx^ Aax^dx 



3. If tt = -^, 

oaf 

, _^ cdax' __ Scdx 



25. By a proper application of the preceding principles every 
algebraic function may be differentiated. Let them be applied to 
the following 

Miscellaneous Examples. 

1. If M = (a + 6a?")% 

du =:p{a + bary''^d(a + 6a?") Art. (22) ; 

But 

d{a + bar) = nhaT^dx ; 

hence 

du = bnp{a + hx'^y-^x'^^dx. 

The solution of this example and many others may be simplified 
by applying the rule of article (17) thus : make 
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a + fta?" = Zj then u = z^y 

dz , .^1 <iM __, 



whence 



and 

2. If tt = (1 — a?^)^ 

dti = 3(1 — (^fd (1 — or*) = — 6 (1 — a:^)^aj(ir. 

3. Let 

ax 



M = 



Place 



aa? 

y = a? + \/a + ic*, tnen " ~ T' 

, , . a:<Za? , aydx — ctxdy 

dy = dx'\ du = -^ « ^; 

Va + x" y" 



hence 



( / xdx \ ) 

a } (x + Va + a^) dx — a? I ^ + / , j ) { 



{x+ Va + ij^f 

or after reduction 

, __ <]?dx 

"" (^ + Va+?f \/aT~^' 
4 
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X or 



n 



^ -jm-\ f^m - «\ Z—\ 



2 4 — ^ 

^- Va-ar', 3 ' ' 

a? _ — da; 



a? - V'l - ar*, v/1 - ar* (a? - v^l - a^)^ 

X 

8. Let M = (a — Vbx^y, 9. Let «= /^ . — -w. 

l + x^ 



10. tt = 



1— a;a 



11. „ = (a-v/ft-£3); 



lo \/a;2 + 1 - 1 ,- \/l+a;+ \/l — a; 
12. 11= — ' -. 13. u= — ' =. 

Vx^ + 1 + 1 v^l + a?— v^l — a? 



SUCCESSIVE DIFFERENTIATION. 

26. It is readily seen from what precedes, that the differential 
coejfHcient of a function of a single variable, is in general, a func- 
tion of the same variable. It may then be differentiated, and its 
differential coefficient obtained. 

Thus in the example 

u=ax^ — = Sax^ (1), 

dx 

Sax^ is a function of x, different from the primitive function. 
If we differentiate both members of equation (1), we have 



(du\_ 



6axdx: 
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But since dx isa. constant, Art. (24), 

fdu\ __ d(du)__ (Pu 



/du\ _ 



' ' ' dx dx 

the symbol d^u, (which is read second differential ofu) being used 
to indicate that the function u has been differentiated twice, or that 
the differential of the differential of u, has been taken. Hence 

■^f — — BaxdXf or "^ri = Goa?, 

in which dx^ represents the square of dx, and is the same as if 
written (dx)^. 

The expression, Qax, being the differential coefficient of the first 
differential coefficient, is called, tJie second differential coefficient. 

To make the discussion general, let u =^f{x) and p be its dif- 
ferential coefficient, then 

di=p (^)- 

Since p is usually a function of x, let it be differentiated and 
its differential coefficient be denoted by q, then 

I = « (')• 

In the same way let q be differentiated and its differential co- 
efficient be r, then 

I = ' <«• 

By differentiating equation (2), we have 






and by the substitution of this value of dp in (3), 
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5^=^' °^ d^=^ (^)' 

which is the second differential coefficient of the function. 
By differentiating (5), we have 

and by the substitution of this value of dq in (4), 

dee" ^« 



= r, or 



dx ' dx 



3 



= r 



which is the differential coefficient of the second differential coeffi- 
cient and is called the third differential coefficient. 

In the same way the fourth, fifth, dec. may be found, each from 
the preceding, precisely as the first is obtained from the primitive 
function. 

From the differential coefficients, we may at once obtain the 
corresponding differentials, by multiplying by that power of dx 
the exponent of which indicates the order of the required differ- 
ential, thus 

d^u = dx^ = a dx^n 

d^ * ' 

<i"M = — ds^ dec. 

27. Let 

u = oot", 

n being a positive whole number, then 

du -_i dru / -X -_2 

dx dx* 
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^ = n(n— 1) (n — 2) or""', 

^ = n(n — 1) (n — 2) 2.1.a. 

Since the last differential coefficient is constant, its differential 
will be 0, and we have 

By examining these results it will be seen, that by each differ- 
entiation, the exponent of the variable is diminished by unity. 
When this exponent is entire and positive, it will finally be re- 
duced to o, and the corresponding differential coefficient be con- 
stant. The next in order, as well as all which follow, will then 
be 0, and there will be a limited number denoted by n. If n be 
fractional, by the continued subtraction of unity it can never be 
reduced to o, but will finally, if the differentiation be continued, 
become negative ; the successive differential coefficients will then 
always contain x, and there will be an infinite number. So also 
if n be negative. 



maclaurin's theorem. 



28. The object of this theorem is, to explain the manner of de- 
veloping a function of a single variable, into a series arranged ac- 
cording to the ascending powers of the variable with constant coeffi- 
dents. 

Let u =f(x), 

and let us assume a development of the proposed form, 

u=^B + Cx + 'D3i^ + Esx? + dec (1), 
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in which BCD dz;c. are entirely independent of x^ and depend 
' upon the constants which enter into the given function. It is 
now required to determine such values for the constants, B, C &;c. 
as will cause the assumed development to he a true one, for all 
values of x. Since these constants are independent of x, they 
will not change when we make x = o. If then in (1) we sup- 
pose 07 = o, and denote by A what /(a;) or u, becomes under this 
supposition, we have 

A = B. 

Differentiating (1), and dividing by dx, we have 

^ = C + 2Da; + 3Ea^ + &c (2) ; 

ax 

making x = o, and denoting by A' what — reduces to in this 

dx 

case, we have 

A' = C. 

Differentiating (2) and dividing by dx^ we have 

^ = 2D + 2.3Ear + &c. ; 
dx^ 

making x = o and denoting by A" what -r-^ becomes, we have 

A" = 2D ; whence D = ^' 

' 1.2 

d^u d^u 
In the same way, denoting by A'" A"" &c., what ^t-o, ti > &c* 

dxr dx 

become when x = o, we shall find 

E = ^^— F = — — , &c. 

1.2.3 1.2.3.4' 
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Substituting these values in equation (1), we have 

« =/(x) = A + A'x + A" ^ + A-^— ^+ &c (3), 

in which the general term, or the one which has n terms before it, 
is, what the nth differential coefficient of the function to be deve- 
loped becomes when the variable is made equal to o, multipUed by 
the nth power of the variable, and divided by the product of the 
consecutive numbers from 1 to n inclusive. 

/ 



*. 



Examples. 
1. Let 

M = (a + xy. 

This, when x = o, reduces to a"* ; hence A = a"*. 
By differentiation, dz;c. we obtain 

g = m(a + x)-', g = m(m- 1) (a + *)-', ' 

dPu 

— = m{m- 1) (m - 2) (a + x)'^' &c. 

Making x = oin each of these differential coefficients, we have 
A'=ma"^S A"=m(m--l)a"^^ A'"=m(m— 1) (m-2)a"*-\ &c. 
Substituting these values in the formula (3), we have 

ni(m l)a**"^a:* 

(a + a?) "• = a"* + nuf^^x + — ^ —^ h &c. 



2. Let 

a 



u = 



b — X 
By differentiation <Sec., we have 



= a(b-xy\ 
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* = 3.*.(»-.)-.= |i^ .*c 

Making x = o in the original function, and in each coefficient, 
we have 

A — ** A' — ^ A" — ^^ (Sec 

These values in the formula (3) give 



3. Let u = 4. Let u = 



1 + a? v'l— ar* 

5. tt = ii-^ 6, M = (1 + a^)^' 



29. Functions which become infinite, when the variable on 
which they depend is made equal to o ; or any of the differential 
coefficients of which become infinite, under the same supposition, 
cannot be developed by Maclaurin's formula, as in such cases, 
either the first or some succeeding term of the series would be 
infinite, while the function itself would not necessarily be so. 

M = log a? tt = cot X M = ax2 

are examples of such functions. In the first two A, and in the 
third A', would be infinite. 
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TATLOR'a THEOREM. 



30. A quantity is a function of the sum of two variables, when 
in the algebraic expression for it, a single variable may be substi- 
tuted for the sum, and the original function thus reduced, without 
a change of form, to a function of the single variable. Thus 

v! = a{x + yY 

is such a function, for if in the place o^ x +y we substitute z^ the 
function becomes u' = oz", a function of z, 

log {x — y) 

is also such a function of the two variables x and — y, which, when 
for X — y we put z^ becomes log z. 



31. Let 

u'^f{x + y). 

For X + y place Zy then 

ul=A*) and ^ = p (1), 

p the differential coefficient, being entirely independent of d%. If 
now X be regarded as a constant 

dz = d{x + y) = dy^ 

and equation (1) becomes 

du' 

¥ = ^- 

If y in turn be now regarded as constant 
5 
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dz = d(x + y) = dXj 

and equation (1) becomes 

du' __ __ du' 
dx ^ ^ dy' 

That is, if a function of the sum of two variables be differentiated 
as though one of the variables were constant ; and then the same 
function be differentiated as though the other variable were constant ; 
and the differential coefficients be taken ; these two coefficients wiU 
be equal. 

To illustrate, let 

tt' = (a? + y)", then du' = n{x + y)"^^ d{x + y), 

which if y be regarded as constant becomes, 

du' 
du' = n{x + yY^^dx ; whence — = n{x + y)""*, 

dx 
and if 07 be regarded as constant, the same expression becomes 

du' 
dvl = n{x + yY^^dy ; whence -— - t= n{x + y)"~*. 

ay 



32. The object of Taylor's Theorem is, to explain the manner 
of developing afunctixm of the algebraic sum of two variables^ tnto 
a series arranged according to the ascending powers of one of the 
variables^ with coefficients which are functions of the other and de- 
pendent also upon the constants which enter the given function. 
. Let us write a development of the proposed form. 



\. 



u' =fix + y) = P + Qy + Ry« + S/ + &c (1), 

in which P, Q, R <Scc. independent of y, are functions of x. 

It is required to determine values for them, which substituted in 
equation (1) will make it true for all values of a; and y. If we 



y 
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regard x as constant, differentiate both members of equation (1) 
with respect to y and divide by dy^ we obtain 

^ = Q + 2Ry + 3Sy + &c. 
ay 

If we regard y as a constant, differentiate equation (1) with 
respect to x and divide by dxj we obtain 

dx "^ dx dx dx 

du' du' 
But by the preceding article we have — = — ; therefore 

dy dx 

Q + 2Ry + 3S»» + &c. = f? + Py + |5y« + &c; 

dx dx dx 

and since the coefficients of the like powers of y in the two mem- 
bers must be equal, 

If in equation (1) we make y = o ; f{x + y) will reduce to a 
function of Xy Art, (6), which we denote by u. Then 

tt = P. 

Substituting this value of P in equation (2), we have 

Q = *f . 
dx 

This value of Q in equation (3), gives 
and this value of R in (4) gives 
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di 
3S = \1:2^ = -^ ; whence S ^« 



dx 1.2.da^ l.2.S.da? 

By the suhstitution of these values of P, Q, R <Sec. in equation 
(1) we have Taylor's formula ; 

/•/ . \ , duy cPu i^ dru if 



By an examination of the several terms of this formula we see, 
that the first (u) is what the function to be developed becomes, 
when the variable, according to the ascending powers of which 
the serks is to be arranged, is made equal to o. The second 

— rLl is the first differential coefficient of the first term, multi- 
dx 1/ 

plied by the first power of this variable ; and the general term is 
the nth differential coefficient of the first term^ multiplied by the nth 
power of the variable, and divided by the product of the consecu- 
tive numbers from 1 to n inclusive. 

The development of /(a? — y) is obtained from the formula by 
changing + y into — y ; thus 

/. X du dhi ^ ^ ^ . c^ 

/(« -y) = tt-5^y + 5^ j;^ - ^ j^ + &c. 

Examples. 

1. Let m' = (a; 4- y)*". 

Making j^ = o we obtain u =■ a;"*, and thence by differentiation, 

^ = m^\ ^ = m{m- !)*-«, 

dx dxr 

^=»i(m— 1) (to— 2)a?"^, ^=m(TO— 1) (m— n+l)a!"^, 

These values being substituted in the formula give 
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„'=(^+y)«=^« + ^-|y+ Mm-A^l^ ^ 



1.2.3 n "^ 

If it were required to develope the function in terms of the as- 
cending powers of sr we should make i? = o, and obtain for the 
first term y^^ from which the other terms are derived as before. 

2. Let u' = • 

a 
Making jf = o we obtain, u = - for the first term ; thence 

du ^_ a 6Nl __ 2a 

i^u 2.3.fl ^^ _ ± 2.3 na 

d^ " ""?"• 5? "^ ~~^+^^ 

These values being substituted in the formula give 

a? + y a: ar or a?"+^ 

3. Develope u' =- -j. ... according to the powers of— y. 

4. «'=— ?-^... " " of a?. 

(« — y) 



33. Since in the formula of Taylor, the coefficients of the dif. 
ferent powers of one variable are functions of the other, it is plain 
that if such a value be assigned to the other, as to reduce any of 
these coefficients to infinity, the second member will become infi- 
nite, and the formula fail to give a development for this particu- 
lar value ; as, in this case, the first member will become a function 
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of the first variable, which function is not necessarily equal to in- 
finity for a particular value of the second variable, on which it in 
no way depends. Thus, in the example 

u' = Va — ^ + y 

which, when developed according to the ascending powers of y, 
gives 

u' = Va — X , y — 



2Va — X 8V(a— a?)' 

the particular value a? = a reduces the coefficients of the 
powers of y to infinity, while the original function is reduced to 

y'y : We should thus have -v/y = od , which cannot be. For 
every other value of x^ however, these coefficients will be finite 
and the development true. 

The difference between this failing case and that of Maclaurin's 
formula is marked. In this, the failure is only for a particular 
value of that variable which enters the coefficients, all other values 
of both variables giving a true development ; while in the former 
case, if the formula fails to develope a function for one value of 
the variable, it fails for every other value. 



34. The development of the second state of a function is readi- 
ly deduced from Taylor's formula. For if 

and x be increased by h^ we have for the second state 

tt'=/(a: + *), 
and by changing y into h in the formula, we obtain 
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whence 

du , , cPu h^ ^ cPu h^' , , 
dx diB* 1.2 dj^ 1.2.3 

If we BOW put for h the particular value dx^ we have 
«/_„ = ^ + _+__+&c. 



35. If in the development of f{x + y) by Taylor's formula, we 
suppose x=^Oj and represent by A, A', A", &;c. what w, — , -7-^^, 
&c. become under this supposition, we have 

/Ty) = A + A'y + ^-^ + ^^-^ + &c. 
yw -r y-r 12 ^1.2.3^ 

A, A'9 A", &c. being q^nstant, and since y is the only variable we 
may write x for it, and thus have 

which is identical with Maclaurin's formula. 



DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 

36. Let us take, first, the exponential function 

u = a*, 
and increase a; by A, then, 

tt' = a^ = oTc^ (1). 

o^ being a function of the single variable A, may be developed into 
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a series, the first term of which (being what ci" becomes when 
h = Oj Art. (28), is ft" = 1. We may then write 

a* = 1 + A;A + A;'A« + k"h^ + &c., 

k, k', k"y dz;c. being constants depending upon a. By substitu- 
ting this value of o'^ in (1), we obtain 

u' = (f{l +kh+ k'k\+ k"h^ + &c.) ; 
whence 



m' — M 



= ifk + (fk'h + &;c. 



Passing to the limit of this ratio, we have 

L=a*A;=— -, and du= afkdx (2). 

dx 

To determine the value of k, let us develope u = a* by Mac- 
laurin's formula. We have 

« = a*, — = (fk ; 

dx 

dl—] = kd(f = Jc^a'dx ; whence — - = k^cf ; 
\dx/ dixr 

^ = Jc'dtf = kfoTdx ; " — = k'a'z &;c. 

dx" dx" ' 

Makifig a; = in these expressions, we find for the coefficients in 
the formula 

A = a" = 1, A' = a'k = k, k" = V, k'" = 1^, &c. ; 

whence by substitution 

^ ^ 1.2 ^ 1.2.3 ^ 
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In this, let ^ = p then 

I 11 

a* =14-1+ — - A h &c. 

^ ^ 1.2 ^ 1.2.3 ^ 

Summing this series, we have 

1 
a*= 2,7182818 



This number is the base of the Naperian system of logarithms, 
which is usually denoted by e ; we then have 

1 
a^= e, and a = e*; 

hence k is the Naperian logarithm of a, denoted by la. Then 

du = daf^ = (fladx , 

that is, the differential of a constant raised to a power denoted by a 
variable exponeiiit, is equal to the power^ multiplied by the Nape^ 
rian logarithm of the root into the differential of the exponents 



37. Resuming the expressions 

du , 

" = «' s='^^' 

regarding u as the independent variable and x as the function, we 
have. Art. (16), 

dx \ , , dul 

whence dx = 



du a!' la ' ula' 

If a be the base of any system of logarithms, then x = log u in 
that system, and 



dx =: d log u = — T-» 
® u la 



6 
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But Y' is ^h® modulus of the system whose base is a ;* theii 

^ log M 2= M — . 

For the Naperiau system, M = 1, and this expression becomes 

dlu = -— • 
u 

l^he differential of the logarithm of a quantity, is then equat to 
the modulus of the system into the differential of the quantity divided 
by the quantity ; and this in the Naperian system, becomes the 
differential of the quantity divided by the quantity. 



* Note. — ^Throughout the book, the symbol 2 before a quantity will indicate 
the Naperian logarithm of that quantity. Since the logarithms of the sanie 
number in different systems are as the moduli, we have . 

log a : Za : : M : 1, 
and when a is the base of a system, since log a = 1 





1 : /a : : M : 1 ; 


whence 






M= \ 

la 


Also, 






log e : Ze : : M : : 


and since le — 1 






M = log c . 



The modulus of a system, then, admits of two forms of ezpresnon, berth of 
which should be remembered. The one is, unity divided by the Naperian 
logarithm of the base of the system whose modulus is required; the other, 
the logarithm of the Naperian base taken in the system whose modulus is 
required. 
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Examples, 

1. If U = l(l(U^) 

du = = = S — 

CMT oar a: 



«. If 



\a — a?/ 

, \a — xf {^ "- ^y __ ^ 



a a — a? 



• 



a — a? a — x 



Otherwise thus, u = ll j = la — l{a — x) 



'du = dla — £H(a — a:) = 



a — X 



3. Let ^^7Vl+^+.\ 

V-v/l + a^ — a?/ 

Multiply both terms of the fraction by the numerator, then 
u =z Z(VTT^ + a;)» = 2Z( VTT^ + a?), 

2^(VTT^ -f a?) 2ia? 

att =? — ^ . — ! — - = J . 

V 1 4- ar* + a? V 1 -f- a^ 

1 ^ 

4. If tt = Z(a? V >- 1 + Vi —a^), £Zm = . , 

V — 1 V 1 — ar 

6 If tt = /( yi + a? + Vl — a? ^ ^ ^ ^ 
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6. Let u = 



u = z/f^^Hf ) . 7. Let u = l{a + xf (a — xf. 

10. Let u = {lx)\ 

Make ia? = «, then « = «"; 

n (Za;)"-* <ia? 



du 

X 



11. Let u = 2(Zx). 

Make 2a; = a;, then u = Iz; 

■J dz dx 

~^ z "^ xlx 

12. Let ti = «*•. 



38. It has been seen. Art. (29), that log x cannot be developed 
according to the ascending powers of x. To obtain a logarith- 
mic series, let us take u = log (1 + ^) and develope it by Mac- 
laurin's formula. By differentiation &c. 

, Mia? . cZti M 

^ _ _ — M ^ _ 2M 

^_ — M(l+a?) - (1+a?)^' cZ«3 ""(!+«)« • 

Making a; = o, we have for the values of A, A', A" dec, in the 
formula, 

^ = log 1 = A' = M A"=— M A'" = 2M,d5c; 
whence 
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u = log(l +a?) = M(a? — g"^ ¥ ^^ ^' 

in which the logacithm of a quantity is expressed by a series, ar- 
ranged according to the ascending powers of a quantity less by 
unity. 



39. By the aid of logarithms we may simpUfy the differentia- 
tion of complicated exponential functions. For example : 

1. Let u = z^f 

% and y being any functions of the same variable. Take the Na- 
perian logarithms of both members, then 

lu = W = ylz ; 

and by differentiation 

du J 1 , dz 
— = dylz 4- y— ; 

u z 

whence 

dz 
du = u{dylz + y—\ = zHzdy -f yz^^dz^ 

z 

which 13 eyideikily the sum of the differentials, taken by first re- 
garding y as the only variable^ and then z. 

2. Let tt = (/. 
Taking the logarithms of both members 

lu =z}fhi, ^^ la^^s ^ lab'lbdx, 

• du = J^ Iflalb dx. 

3. Let uz=z\ 
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then 

lu = flz, ^ =« ^ 4. MfUds + 8triM\ 

u % 

du = /f(— 4. IzUds 4. Uzdt). 
z t 



DIFFERENTIATION OF THE CIRCULAR FUNCTIONS. • 

40. Since any arc of a circle, when less than 90°, is greater 
than its sine, and less than its tangent ; we must have for all 
values of y less than 90°, 

s^ny < 1 and ^'°y <; s^" V 

y tangy y 

But 

. Rsinv u siny cosy /,\ 
tangy = ^ ; whence su = __ ^ (1). 

cos y tang y K 

Making y =^ 0^ cos y becomes R, and we have for the limit of 
the ratio (1), 

L = | = l. 

and since ^ cannot exceed unity, nor be less than ^ , we 

y tang y 

also have its limit = 1 ; that is, the limit of the ratio of an arc to 
its sine is unity. 



41. Let 

t« = sin a;. 
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Increase xhy h^ then 
u' = sin {x + h)y u' "^ u== sin (x + h) •— sin a?, 

or since 

sin p — sin <? ==: _[8in i(p - 5')co8 i(p + q)] 

ti' — t« = «- sin ^h cos (a: + ^A). 

XV 

Dividing both members by A, and then both terms of the frac- 
tion in the second member by 2, 

v! -^ u __ sin \h cos {x + i^) 

and passing to the limit, since ( — ^l = 1, * 

J cos X du ^ 

whence 

1 1 • cos xdx 
du =^ a sin X = — — . 

R 
If tf = cosx, 

du=:dcosx=:d8in (90<> — x) =z ?2?i^!z:^£?(90^ — x) ; 



* Note. — This notation indicates that the expression for the quantity 
within the parenthesis becomes unity when A ^=3 0. 



"V 
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whence 



If 



a COS a? = g — dx. 

R 



u = ver-sm x 



du = d ver-sin x = d{R — cos a:) = — <i cos x ; 



whence 
If 



J sm Xj 

d ver-sm a? = - - — dx. 



R 



u = tang a? 



(2u = c2 tang x =^ d , 



cos X 



(cos xd sin x — sin xd cos x) dx(cos^ x + sin' x) 

«««8 - cd^ X ' 



cos* a? 



whence 



R'ia? 

d twaSx = — 5- 

"^ cos^o? 



If 



u = cot X 



du=zdcotx = d tang (90° — a?) = R«i(|l^-^ ; 

^^ ^ cos'* (90°— a?)' 



whence 



R'cte 



If 



d cot a? = r-s— . 

sin a? 



tf = sec X 



du = d8ecx = d 



R' R sin X dx 



cos X . cos* a; ' 



whence 



, tang X dx tane x sec a? , 
a sec a? = — = ^^ dx 



coax 
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If M := cosec jc 

, ^^ . cot a:, cosec X cf(90° — x) 
oil s a cosec a: = rf sec (90° — x) = ^a-^ ; 

whence 

_ cot X, cosec X dx 
a cosec x = p-j . 

If R = 1, these formulas become 

d sin X = cos x dxj d cos x =^ — sin x dx, 

d ver-sin x = sin x dx, d tang x = 5— , dec. 

^ cos^x 



and should be remembered. 



Examples. 



1. If M = #in — 

a 



_ 6x - 5x 6 5x J 

OM = cos — a — = — cos — ax 
a a a a 



2. If M = cos - 

X 



au = — sin —a— = —o sin - dx . 

X X X* X 

3. If tt = tang (a — x)'* 

— ^^C^' "^ ^y __ 2(g — x)cZx 
"~ cos* (a — x)^ "" cos*(a — x)^ 

4. If w = cot^ X 

2 cot X d^ 



du =^ 2 cot X fZ cot X = — 



sin'^ X 
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5. If u = (cos 2?)-*"', 

make cobx = z^ ainx=^y; then u = z^^ and Art. (80) 

(sin x\ 
cos xlcOBX j • 

^ T ^ sin (1 + a?) « X , . / /-\ 

6. Let u = — ^ . 7. Let u = tang ( — myx ) • 

X 



42. In the preceding article we have found the diiSerentials of 
the sine, cosine, 6cc. in terms of the arc as an independent va- 
riable ; let it now be required to find the differential of the arc, in 
terms of its sine, cosine, 6cc. 

If u = sin X , then x = sin"' m,* 

J cos X dx du cos x 

If now X be regarded as the function, and u as the independent 
variable, we have. Art. (16) , 

da; 1 R 



du du cos X ' 
dx 

and since cos x = -/R" — sin* x = VR* — m* 

^ R 1 -, ^du 

whence dx = 



du v^gaTTi^a' V^^^* 

If 

, du sin X 

u = cos a?, X = cos~* tt , T- = =r — ; 

dx R 



* Note. — ^The notation sin ' w, tang * u, &c., is used to designate the 
arc whose sine is u ; whose tangent is u, &c. 
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dx —R R R 

du "" sin X "" VR« - CDs'* x VR* — ii^ ' 

whence 



VR^-ti* 
If 



u = ver-sin a?, 


X ver-sin '«; 


du sin X . 


(Za; R 


cZ^ R """"^ 


du sin JT ' 


or since 


• 


sin X = V(2R — ver-sin a?) ver-sin x = V(2R — u)u ; 


€ia? R 


, Rdu 
nx — 


tf«* V(2R — tt)w 


V2Rtt — tt" 


If 




ti = tang Xf X = tang~* u , 


du R" 

da; cos" « * 


dx cos* a: R* 


R" 



du R' sec'* X R*+ tang^ a: ' 

whence 

_ R?du 

"^■"RM^* 

If R = 1, these formulas become 

. du . du 

CM? = — ===. oa? = — 



Vl — ti«* Vl — m' 

aa? = : . dx = 



V2tt — «** 1+1^* 
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Examples. 
1. If X =■ sin""^ 2mV'i — M*, 



dx 



__ d{2uVT^^) _ 2du 



Vl - {2uVl~^uy Vl—u' 



2. If a? = tang-Y— -^ 






da? = 

1 + 



3. If tt = cos-* -JL_ fill = ^ . . 5 — 

4. If M = ver-sm""* - , du = — . 

^ xy2x — 1 



43. We are now able to develope sin x^ cos a?, dfc, in terms of 
the ascending powers of x^ by Maclaurin's formula. 

1, If 

u :;= sin Xj and R = 1 ; 

du ^u , a^u , 

— = cos X , -7-^ = — sm a? , -7-3 = — cos a:, dec. 

Making x^^o^ we obtain for the values of A, A', &;c. in the 
formula, 

A = 0, A' = 1, A" = 0, A'" = — 1, &c. ; 
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thence 

u = sin a? = 4- cec. 

1 1.2.3^1.2.3.4.5 

2. If t« = cos X y 

du , dNi d^u , ^ 

^=-8ui«, ^=-C09«, ^ = 8ina:, &c.; 

in which, making x = o, We obtain 

A = 1, A' = 0, A" = — 1 , A'" = 0, &c. ; 
and thence 

These series, for small values of x, are very converging, and 
will give with great accuracy the values of sin x and cos x for 
small arcs, and may therefore be used in the calculation of a table 
of natural sines, dec. Thus, R being unity, wp have for the 
semi-circumference or ^r, the number 3,14159...; this divided by 
180, and the quotient by 60, will give the length of the arc 1', 
which value substituted for x in the series, will give the sine and 
cosine of one minute* 



44. We can also develope the arc in terms of its sine, tangent, 
&c. If 

a; = sin'"*tt, -7-= —7 — Art. (42), 

du Vl -tts 

g = u(l-ii«)-^, ^=(l-««)"^ +31^(1 -ti»)^,&c. 
Making tf = 0, we obtain 
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A = A' = 1 A" = A'" = 1, &c., 
and by substitution in Maclaurin's formula 

^ = sin ^u^u + :^^^-;^^-^ + ^c. 

If u = j^ = sin 30^, this series becomes 

. = sin-'l = 30° = 1 + j^ + J^^^ + &c., 

by the summation of which, we find 

30° = 0,52359 , 

and multiplying by 6, 180° = at = 3,14159 



45. If 

X = tang -«, ^= ^ = (1 + «»)- Art. (42), 

and the development may be made as in the preceding article ; or 
otherwise thus. Developing (1 + ti*)~' by the binomial formula, 
we have 

J=l_ti» + tt*-M« + &c (1) ; 

du ^ 

and since by differentiation, the exponent of t« in each term is di- 
minished by unity, we must have ' 

a? = Am + Bu' + Cvf + &c. ; 

whence 

^ = A + 3Bm« + 5Cm* + &c (2). 

Comparing the coefficients of the like powers of u in (1) and (2), 
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A = 1, 3B = - 1, and B = - i ; 5C = 1, and C = ^,&c ; 

» 

whence 

m' tt* m' 
X = tang^'tt =M— ;r+H"""^"t" ^^ (^)' 

o o 7 

If « = 1 = tang 45^, this series becomes 

a; = 45° = l-i + i-i + <&c., 

which is not sufficiently converging to enable us to determine the 
length of the arc with accuracy. To obviate this difficulty, we 
will make use of the principle that the arc 45° is equal to the arc 
whose tangent is ^, plus the arc whose tangent is ^.* 

From equation (3), by the substitution of \ and \ for u, we 
have, 

^ 2 "* 2 3.2' + 5.2« 7.2' + ^'^'' 
*°^ 3 "" 3 3.3^ + 5.3« 7.3' + ^"^ ' 



hence 



45° = tang "^ \ + tang "* ^ = 



* Note. — ^To prove this principle, take the formula 

tang a + tang h 

tang (a 4- 6) = -. 

1 — tang a tang b 

Make tang a=.^ and a ^ 5 = 45°, 

4- 4- tang h 

then, tang 45° = 1 = — r ; whence tang i = A ; 

1 — \ tang b 

hence 45° = a + 6 = tang~^ 4 + tang""* ^. 
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I ~ ai^+W- ^' + 1 -3:F+CT- **'• = 0.78589...... 

which being multiplied by 4 gives cr =? 3,14159 



DIFFERENTIATION OP FUNCTIONS OF TWO OR MORE 

VARIABLES. 

46. Heretofore our rules for difierentiation have been limited to 
functions of a single variable ; it is now proposed to extend them 
to functions of any number of independent variables. 

Let u = /(a?, y) ; 

X and y being entirely independe\it of each other. The second 
state of the function will evidently be obtained by giving to both 
X and y variable increments. First let x receive the increment h ; 
/(x, y) then becomes /(a? + ^ y), which, (if 5^ for a moment be re- 
garded as constant), may be developed according to the ascending 
powers of A, by Taylor's fo)*muIa ; whence * 

f(^ + h,y)^U + ^h+ ^^+^^^+&c (1), 

du UfU 
in which -i-^-r-^ &^c., are the differential coefficients o£u=f(Xf y) 

taken under the supposition that x alone is variable, and are evi- 
dently all functions of x and y. If in this development we now 
put y + kfor y, we shall obtain in the first member /(a: + Jhy + k) 
which is the second state of the function u. The first term of 
the second member (u), being a function of x and y, will, when 
for y we put y +k, become 

r/ I i\ . du (Fu Jc^ ^u 1^ .J. 



I 



+ &;c., 
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111 the same manner -^-^ when for y we imt y + kf may be de- 
ad? 

velc^d, and will give, Art. (32), 

/du\ ^^t \d^ \dx) V^ 

\*?/y-y+* ^ dy '^ df 1.2 

or reducing 

\^/y-94A dx d^y dxdyl 1.2 

Xdar/if^^ da^ ds^dy 

These values being substituted in the second member of (1) 
give for the development of the second state of a function of two 
variables 



Also 



.(2). 



H r — h dec. 

^ cia;' 1.2.3 ^ 

In this development u is the original function ; ^ is its differ- 
ential coefficient taken under the supposition that y alone varies, 

8 
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and is called, tJie partial differentud coefficient of the first order 
taken with respect to y ; -jj^ -r-^ &;c. are successiye differential co- 
efficients taken under the same supposition, and are called partid 
differential coefficients of the second^ thirds 4*c. order taken toUh 

respect to y. —, ^, -r-^ are obtained from the original function 

under the supposition that x alone varies, and are called partial dif- 
ferential coefficients of the first, second, ^c, order UHsen wiih respect 

to X ; - . is obtained by differentiating -r- with respect to y 

and dividing the result by dy, and is called a partial differential co» 
efficient of the second order taken, by differentiating firsi mth res- 

pect to X and then with respect to y ; and in general , ^ , is a 

partial differential coefficient of the m + n*^ order, and is obtained 
by differentiating first n times with respect to x, and then m times 
with respect to y. 

By an examination of these results we see that, from a func- 
tion of two variables there are derived two partial differential co- 

du du 

efficients of the first order, viz. -r- and -r-- ; three of the second 

dx dy 

order, viz. -5-5,-1— r-.-n > four of the third order, &c. The ex- 
dar' dxdy^ d%f 

pressions-p dx, — dy, ^ da^, -r—t- dxdy, dec, obtained by multi- 
plying the several partial differential coefficients respectively by 
dx, dy, dx^, dxdy, dec, are called partial differentials* 



47. If instead of first increasing a; by A we increase y by Ar, we 
shall obtain 

r/ . 7\ , du. ^ d^u J^ , d^u J^ , . ^ 
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and if in this we put x + hfor x^ we shall evidently deduce 

ay dyax 

which development must be identical with the one in the pre- 
ceding article ; hence the terms containing the like powers of h 
and k must be equal to each other, and we must have, 

^ _ cPu d^u _ €Pu (T^^ _ d^^^u 

dxdy ~ dydx dxdi^ "" dj/^dx* dx^'dy^ "^ dy^dx""^ 

which shows that we shall obtain the same result whether we dif- 
ferentiate first with reference to x and then with reference to y, 
cr the reverse. 



48. Let it now be required to develope the second state of the 
expression 

u = af^^, (1). 

Differentiating with reference to x and y, respectively, we obtain 

^ = maf^Y (2), ~ = na?«3r' (3). 

dx dy 

Now differentiating (2), first with reference to x, and afterwards 
with reference to y^ we obtain 

5 = m(j« - lyxf^iT (4), ^ = mnx'^'y'^' (5). 

»ar dxdy 
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In the same manner by differentiating (3), first with reference to 
Xf and then with reference to y, we obtain 

^ = •""^'^" = ^,' g=«(«-iKsr-. (6), 

and by continuing the dififerentiation of (4), (5), and (6), 
g = m(«t - 1) (m - 2)x-^y», ^ = m(«t - l)n*-«jr-', dw. 
Substituting these values in the formula of article (46), we have 
(a? + A)-(y + ky^grtr + ruT^'k + n{n — l)srtr^ ^+ &c. 



49. Resuming equation (2), Art. (46), and subtracting the 
primitive state of the function from both members, we obtain 

Extending the definition in Art. (8), to functions of two or more 
variables, we have, after placing for h and k the constants dx and 
dy^ and taking the terms containing the first powers of these 
constants ; 

that is, the differential of a function of two variables isequtdtoikB 
sum of the partial differeniMs of ihefvndion* It is important to 

preserve the notation -^dx and -^dyy else the partial differentiab 

might be confounded with the total differential {du). 
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Examples. 

1. If U = (uf}f 

hence 

du =3 2axj^dx + Zaaft^dy. 

2. If 

d. If 

« "^ y y' + a:' 

4. Let tt =' -- - 5. Let ti = a*'. 



50. HaviDg obtained the first differential of a function of two 
variables, we may firom this at once derive the successive difier- 
entials. Since 

, du J I duj 
du, dy 

Differentiating --- dxj first with reference to rr, and then with re- 
ference fo ff, we have. 
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and in the same way, 



it'^y^^^^^' 



whence, since = — --... . Art (47), 

dxdy dydx 

d^u = ^d^+2^dxdy + pdf. 
oar dxdy dy* 

Differentiating this result, since 

fcPu ^ . \ d^u, • . dPu 



dl^dxdy\ =J^d^dy+ -^!U«iy» 
\dxdy I da/'dy dxdy 

d{^ dy> \ = J^dy-dx + ^f. 



ve derive 



In the same way the differentials of a higher order may be 
derived. 



51. Let us now take the general case in which ti is a function 
of any number of independent variables ; that is, let 

ti =/(a?,y,z, &c.) 

tt is plain that we may deduce the development of the second 
state of this function in precisely the same way as in article (46)9 
by first increasing x and y, then in the result thus obtained in- 
creasing z^ and in the new result increasing one of the other va- 
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riables, and so on until each shall have received an increment ; we 
shall thus find 

f{x+h, y H- *, z+l, &c.) =/(a:,y, z, &c.)+^+^+^/+«^c. ; 

ax ay dz 

whence 

fix + A,y + *,« + Z,&c.)-/(«,y.*,&c.) = ^ + ^+^i&c. 

ax ay az 

plus other terms, which will be of the second degree at least, with 
reference to the increments A, A;, Z, &c. ; we have then as in arti- 
cle (49), . 

du = df{x^ y, «, &c.) = -^-dx + — rfy + —dz + &c. 

that is, the differential of a function of any number of variables is 
equal to the sum of the partial differentials of the function. 



Example. 

If ti = ax^^y 

du = a\^:?dx + 2axyzHy + Saxf^z^dz 



52. If in the development (2), article (46), we make both x and 
y equal to o, the first member will become a function of h and k ; 
the first term of the second member, and the different coefficients 
of h and kf will under the same supposition become constants. 
Denoting by A what u or f(Xf y) becomes when x and y are made 
o ; by B and B' what the partial differential coefficients of the first 
CH^er ; by C, C and C" what those of the second order, and by 
D, D', D" and D'" what those of the third order, become under 
the same supposition ; we obtain 
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J{h,k) = lL + (BA + B'k) + JL (C»» + 2C'» + C'V) 

+ -4-(DA» + SD'K'k + &c.) ; 

or since we may change h and h into x and y, we have for 
the general development of any function of two yariables, 

f{x, y) = A+{Bx+ B'y) + ± {C^ + 20xy + C'V) 



+ YYl^^^ + ^^'"^^ ■*■ ^^^'^^ 



If in development (2), above referred to, we make y and h each 
equal to o, u becomes a function of x alone, and we have 

which is Taylor's formula. 

In the same development, making x^ y and A;, each equal to o, 

and denoting by A, A', A", &c. what u, ^ , -r-^ , &c. reduce to 

under this supposition, we obtain 

/(A) = A + A'A + A"^ + A"'j|^ + &c. , 
or changing h into rr, 

y];a;) = A + k'x + A"^ + A'" j^ + dec. 
which is Maclaurin's formula. 
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DIFFERENTIAL EaUATIONS. 

53. Eyery eqaation containing two variables can, by transpos- 
ing all tiie terms into the first member, be represented under the 
general form 

yi^.y) = o (1) 

in which y is an implicit function of Xy the latter being usually 
taken as the independent variable : Or, since by the solution of 
the equation, the value of y may be found in terms of a?, and sub- 
stituted in (1), this function of x and y may be regarded as a 
function of x alone, and may therefore be differentiated as a function 
of a tingle variable. Also, since the relation between y and x is 
such, that f{xy y) must always be equal to o, its value is not va- 
riable, and can therefore have no difference between any two 
states. Its differential must then be o, Art. (14) ; that is, 

df{x,y) = 0. 

To obtain, then, from a given equation its differential equation^ or 
the equation which expresses the relation between the differentials of 
the function and variable; transpose all the terms into one mem- 
ber, differentiate this as a function of a single variable, and place 
the result equal to o : Or, if it be not desirable to transpose all the 
terms into one member, each member, containing either x or y, or 
both, may be regarded as a function of x^ and the differential of 
the first will be equal to that of the second, Art. (13). 

Since every term of the differential equation thus derived will 
contain dx or dy^ we may divide by dx^ and then at once deduce 

the value of the differential coefiicient -^^ • 

dx 

* 

9 
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54. If an equation contain three variables, one will necessarily 
be a function of the other two, and all the terms being transposed 
into one member, this member may be regarded as a function of 
two independent variables, and may be differentiated as in article 
(49), and the result placed equal to o. In accordance with the 
same principles and in precisely the same manner, the differential 
equation of one containing any number of variables may be 
derived. 

If the differential equation derived by one differentiation be again 
differentiated, the new differential equation will be of the second 
order, and if this be differentiated we shall have one of the third 
order, and so on. 

Examples. 

55. 1. If u^f{x,y)=t^+f^B?^ (1) 

dtt = ^Udx + 2ydy =: o (2) , 

from which, after dividing by dx, we obtain 

dx- y ^^^• 

Dividing equation (2) by 2, and then differentiating ; x, y, and ify, 
being variables, we have 

d{xdx) + d(ydy) = o 

or dsif + di^ + ydPy = o, 

whence 

da? y y »• * 

(rince -^ = -J-. Jiquation (8). 
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Equivalent results may be obtained by differentiating the value 
y = VR* — ^y deduced from Equation (1). 

2. If ti = ^ — 2mxy + a^ — a" = o (1) 

^ydy — 2fnxdy — 2mydx + ^dx = o (2) ; 

whence 

dy my — x 
dx y^mx 

Differentiating (2), and dividing by 2c2a^, we obtain 

from which after the substitution of the value of -JL we may ob- 

ax 

tain the value of the second differential coefficient. 

3. Let 1^ — Saxy + a? = o. 

Equations derived as above, immediately from the primitive equa- 
tion by differentiation, are named immediate differerUioL equations. 

56. By the differentiation of equations we may find others 
which will express the relation between the variables and thetr dif- 
ferentials, for any values of either or all of the constants. Thus, 
if we take the equation of the right line 

y = aa? + 5 (1), 

differentiate and divide by i2x, we have 



dx 



= « (2). 



a result which is the same for all values of 5. By the substitution 
of this value of a in equation (1), we have 
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ydx = xdy + hdx^ 

which is the same for all values of a. 

Differentiating (2) and dividing by dx^ we obtain 

which is entirely independent of both a and h. 
Take also the equation 

^ = nto; + iw* (8). 

By two differentiations, we get 

2ydy = mdx + 2nxdx 

df^ + ycPy = ndof* 

By combining the three equations, m and n may readily be elim- 
inated, and an equation obtained which will be entirely indepen- 
dent of them. The result of this elimination is 

y^dsf + sfdf^ + ya^cPy — 2yxdydx = o. 

Again, by differentiating the equation 

and eliminating a, we obtain 

16t/^a?d(t^ -- ^^t/'a^dydx + 9i/^d/ = 0. 

And in general, all the constants of any equation may be elimi- 
nated by differentiating it as many times as there are constants. 
The differential equations thus obtained, with the given equation, 
make one more than the number of constants to be eliminated ; 
an equation may therefore be derived which will be freed from 
these constants. Equations thus obtained are properly the dif^ 
ferentud equations of the species of lines^ one of which is repre- 
sented by the given equation, since being independent of the con- 
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stants they are evidently the same for all lines of the same kind 
referred to the same co-ordinate axes. 



57. By differentiation we may free an equation of exponents, 
as in the example 



ti= v\ 



du = nvT'^dvj or vdu = mfdv^ 

and finally 

vdu = nudv. 
Or thus, 

lu = Zr" ; whence lu = nlv, 



du ndv 

u V 



or vdu == nudv. 



58. The Differential Calculus enables us also to eliminate, from 
an equation containing three variables, an arbitrary function of 
either two, the form of which may be entirely unknown. Thus 
if 

the form of the function designated by the symbol F being arbi- 
trary, we can find a differential equation expressing a relation be- 
tween rr, y and the partial differential coefficients ---, ■--, which 

dx ay 

will be the same, no matter what the form of the function F 
may be. 

Make /(^»y) =« (1)> 

then 
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u = F(«), du = F'{z)dz (2). 

Differentiating (1), first with reference to x and then with refer- 
ence to yj and substituting the values of dx thus obtained in (2), 
we get 

from which F'{z) may be eliminated, and the resulting equation, 

between a?, y, — and ---, will be the differential equation required* 

dx dy 

Such equations are called jiortioZ differential equations. 

To illustrate, suppose • 

1. /(a?, y) = aa? + 6y and u = F(aa? + ^)- 

Place ax+by=z, then —- = a, and —- = 6. 

cto ay 

These valuesf in equations (3) and (4), give 

— = F'(z)a $f = TXz)h ; 

007 dy 



whence 



du du 

dx dyj 
T T 



and finally 



du mdu 



dy dx 

2. Let 

A^^y) = ^ + f = x and ti = F(aj' 4- y"). 

Differentiating z, we find 
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r;- = 2a? and — = 2y ; 

ax dy 



whence 



^ = V'{z)2x and ^ = V'{z)2y, 

dx dy 

from which, by eliminating Y'{%\ 

du ^ du __ 
dy dx 

2. Let Jlx,y)=:-. 



VANISHING FRACTIONS. 

59. In the discussion of the resnlts obtained by the application 
of the Calculus, we often meet with expressions which, f(N: a par- 
ticular value of the variable, become ^. This, although in gene- 
ra] the algebraic symbol of an indeterminate quantity, does not in- 
dicate such a quantity in the particular cases referred to. . As in 
the example, 



ax 



~ar* 



i^^ji? 



which becomes ^ when x = a; if we divide both numerator and 
denominator by the common factor a — a?, we obtain 



X 



a + X 



and this, when a; = a, reduces to ^, which is the true value of the 
fraction in the particular case. 
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Expressions of this kind are called vanishing fraetiongf and re- 
duce to ^ in consequence of the existence of a factor conamon to 
both terms ; which factor becomes o under the particular suppo- 
sition. 

All such fractions may be represented generally by the expres- 
sion 

P(a? — fl)^ 
Q{x - ay ' 

in which P and Q are functions of x. 
There are three cases : 

1. When m=^n^ the fraction becomes 

P(a? — fl)" _P_ 

2. When m > n, it may be put under the form 

P(a? — «)•»-» 

Q ' 

m — n being positive ; and this, when rr = a, becomes 

3. When m > n, the fraction may be put under the form 



n — m being positive, and this, when 2; = a, becomes 



— = QO- 





60. Whenever the common factor is evident, the simplest me- 
thod of obtaining the true value of the fraction is to strike it out^ 
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and then put for the variable its particular value. But as in most 

cases it is not easy to detect this factor, other methods become 

necessary. 

r 
Let - be a vanishing fraction, r and s being funct^ns of x, and 

let a be the particular value which substituted for x reduces the 
fraction to |. 

It is plain that, if we substitute a + hfoi x, and after reduction 
make A = o, it will amount only to the substitution of a for x. 
Suppose this substitution made, and that in the result both nume- 
rator and denominator are arranged so that the exponents of h 
shall increase from left to right, we then have 



/r\ __ Ali^ + BIT' 

lJ,.a+*""A'A» +BA- 



AA"* + Bhr' + &C. 
+ &c. 



in which A, A', B, B', m, n, dec. are constants. After reducing this 
fraction to its lowest terms, by dividing both numerator and de- 
nominator by that power of h which is indicated by the smallest 
exponent, we shall have one of three cases. 

1. If m = It 

A + Bhr'-^ + &c. 






2. If m > n 

>\ AA**"" + &c. 






.«/*-«+* A' + &c. 

8. If m < n 

A + &c. 

Sjs^a + H "^ A'A"-« + &C. 

Now making A = o, we have for the true value in the three 
10 
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•■ eL=r- - a-y^'"- 



'■ (a..=T= 



00. 



Whence we derive the general rule. For the variable^ mbsU- 
tvie that value which causes the fraction to reduce to f , plus an tii- 
crement ; reduce the result to its simplest fomif and then tnake the 
increment equal to 0. The final result will he the true value of 
the fraction for the particular value of the variable, and may be 
finite, zero, or infinite. 

Examples. 
1. Take the fraction 

(a? -a)* 
which becomes f when a; = a. 

For X, put a + h, the primitive fraction then becomes 

{2ah + h^)^ 
h^ ' 

Dividing both tenns by A% we obtain 

(2a + A)^ , 

which, when A = o, becomes (2a)*, the true value. 

In this case the common factor (a; » a)* is evident ; striking it 
out, we have 



(x + a) 

which becomes (2a)^, when x = a. 
2. Take the fraction 
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i 



m sin"^- 



X 

which becomes ^ when x =o. 

For Xj put o + ^ or ^ we then obtain 



msin 
h 
or 



h fh h^ \ 



.Art. (44), 



msin"^- 



^ = ""(1 + 1:^+^)^ 



which, when A = o, gives 

X 



m sin""^ -' 



?) =^. 



The common factor in this case is ar, as may be shown by de- 

X 

veloping m sin"^ -, as in article (44). 



61. Another rule may be thus deduced. 

If the vanishing fraction, as in the preceding article, be 

u = -; then r = m» 

8 

dr = uds + adui 
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in which, if we make a? = a, we shall have (since «,., = o,) 

(^r),.. = (ui»),..; 
whence 

•- = C-l. = Jtr; <"• 

for the true value of the fraction in the particular case. 
If (^r),-a = this value is o. 

If (^)x-a = it is OD. 

If both are o at the same time, the second member of (I) be- 

dr 
comes ^, and t- is a new vanishing fraction, with which we pro* 

ceed as with the first, and thus obtain 

„ - (^'■)'-' 

"'-* - id's)../ 
If this again becomes {, we continue the same process, and have 

and so on. The rule may then be thus enunciated. Take the 
differentials of the numerator and denominator; in eachf substitute 
that value of the variable which reduces the original fraction to \ ; 
if both do not reduce to or infinity; wTiat the former becomes di- 
vided by what the latter becomes^ will be the true value of the fraC' 
tion* If both reduce to 0, take the second diffferentialsj and make 
the same substitution ; or continue the differentiation^ S^. until two 
differentials of the same order are obtained^ both of which do not 
become or infinity ; what one becomes divided by what the other 
becomes^ wUl be the true value of the fraction. 
It should be remembered that this rule does not apply whenever 
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the common factor has a fractional exponent ; as in all such cases, 
some of the differentials for the particular value of the variable 
will become infinite. As an illustration of this, we may refer to 
example 1, article (60), in which the second differentials, and all 
which follow, become infinite when x=^ a. 

Examples. 

1. U 

r _ g^ - 1 
# "~ a? - 1 * 

which becomes ^ when a; = 1, 

dr = mxT^^dxj dt == dx^ 

2. If 

r _ 1 — sing 
s cos a? 

which becomes ^ when a? = -, 

<Zr = — coaxdx^ <2f = — sin xdx^ 

ft Tf *" — ^ — ^^^ + ^ 

8^ bit' — 26ca; + bc^^ 

dr = (2ax — 2ac)(Zic, ife = (2fta; — 2bc)dx^ 

both of which reduce to o, when a; s c. Differentiating again, 

dV s 2a(£i;*, dPs =s 2Ma!', 
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and 



1-) =" 



4, Take when a; = o, Ans, la — 16. 



X 



5, ^'r + «/ a: = 0. 



6. X - . , ...o ^ ^^^r; 

2 



7. 



•"V + «; 




X 




1 — sin a? + 


cos a? 


sin X + cos a; 


— 1 


a — X — (Aa 


+ aZa? 


«— V2aa; 


^3? 


af — a? 




1 — a; +Za; 




a? — 2 sin a? 





X =za. 



8. -. a? = l. 



9M/ 4U OtLl t«/ 
: a: = 0. 

a;sina; 



■ ■ 

a 



62. We sometimes meet with the product of two factors, one 
of which becomes o, and the other oo , for a particular value of 
the variable. Let rt be such a product, in which r becomes o, 
and t infinite. It may be written 



t 



which, for the particular value, becomes f • Its value may then be 
determined as in the preceding articles. 
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Example. 



Let ft = (1 — x) tang -^ when a; = 1, 



Writing it under the proposed form, we have 

1 — 0? 1 — X 

1 .lix 
cot — > 

n(x 2 

tang 2" 



the true value of which, when a? = I, is -. 



63. The fraction - may become^, in which case it may be 
written 

r 1 

- = r X -, 

8 8 

which becomes cz) X — = oo x o, and may then be treated as in 
the preceding article. 



64. Sometimes also, we find expressions which become qd — qd. 



Let 1-1, 

r 8 



be such an expression, r and 8 becoming o. It may be written 

1 1 8 — r 



r 8 rs 
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which will reduce to |. For an example, take 



X 



cot 07 2co6a; 



which becomes oo — oo , when a? = -• By reduction we obtain 

X sin X — — 
2. 



cos X 



the true value of which is, — 1, when x = -. 



MAXIMA AND MINIMA. 

65. A function is at a maximum state, or a nummtfnt, when U 
is greater than the stette which immediately precedes, and greater 
also than the state which immediately foUows it ; and a mimmumf 
when it is less than both of these states. 

Thus, if u be a function of x, and x be decreased so as to give 
the next preceding state to ti, denoted by u", and then increasedy 
by the same quantity, so as to give the next succeeding state vf ; 
if 11 be greater than both u" and ti it will be a maximum ; if leoiy 
a minimum. 



66. If u is a function of Xj and x supposed to be increasing, it 
is evident that when passing from the preceding states to its max- 
imum, u must increase as x increases, that is, be an increasing 
function of x ; and when passing from its maximum to the suc- 
ceeding states, it must decrease as x increases, that is, be a de- 
creasing function of x. In the first case, Art. (11), the sign of its 
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first differential coefficient must be positive, and in the second, 
negative ; therefore at the maximum state the Jirst differential co» 
efficient must change its sign from plus to minus. For a similar 
reason at a minimum state, the first differential coefficient must 
change its sign from minus to plus. But as a quantity can change 
its sign only by becoming zero or infinity, it follows that no value 
of the variable will give a maximum or minimum value to the 
function, unless the same value reduces the first differential co* 
efficient to zero or infinity. 

The roots of the two equations 

^** /1\ J ^« ^ /^N 

H = ^ ^^>' ^^ 5i = ^ ^'^ d^i = ^ (^>' 

will then give all the values of x^ which can possibly make u a 
maximum or a minimum. After having obtained these roots, let 
each, first with an infinitely small decrement, and then with an in- 
finifely small increment, be substituted in the given function ; if 
both the results are less than the one obtained by substituting the 
root, the latter will be a maximum ; if both are greater, a minimum. 

Or if it be more convenient, let each of these roots, with an in- 
finitely small decrement and increment, be successively substituted 
in the first differential coefficient ; if the first result be positive, 
and the second negative, the root will make the function a maxi. 
mum ; if the reverse, a minimum. If the two results have the 
same sign, the root under consideration will give neither a maxi- 
mum or minimum. 

Since equations (1) and (2) may give several roots which will 
fulfil the required conditions, there may be more than one maxi- 
mum or minimum state of the same function. 

Examples, 

1. If tt = a +{x - hf (3), 

11 
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rftt «, ,. . dx 1 

-— = 2(a? — 6) and -r- = -r-, rr- 

dx ^ ' du 2(«-— ft) 

Placing -p = 0, we have 

2(a? — 6) = ; whence a = 6. 

If in equation (3) we substitute first, 6 — A for x^ and then 
6 + A, we have 

u" = a + h? and u' = a + h% 

both of which for all values of h are greater than u = a, the result 
obtained by substituting 6 for a; ; hence u ^ aisa minimum. 

The only value of x which will reduce t- to o is a? =00; there 
■^ du 

is then no finite value of x which will satisfy this condition, hence 

X = ft gives the only minimum state, and there is no maximum. 

2, If 

u = a — (« — ft)* (4) 

du — 2 , iZa? — 3(a? —ft)*. 

-r- = -7 =Ti J and ^- = ^-^ '- 

dx Z{x — ft)3 du 2 

Placing — = o we obtain :c = qd, which gives no finite aolu- 

OiX 

tion. 

Placing — = 0, we have 

2(x — ft) = ; whence a? = ft. 

If then in (4), we substitute first ft — A, and then ft + A, for 
Xf we have 

u" = a ^ jfi and ti' = a — A^, 
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both of which are less than u = a, the result of the substitution 
of 5 for 0? ; u = a i« then a maximum and the only one^ and there is 
no minimum. 

If in the first differential coefficients in the above examples we 
substitute h — h and b + hfor ar, we obtain in the first, for 6 — A 
a negative, and for 5 + A a positive result, and in the second the 
reverse, as it should be. 



67. When the states which immediately precede and follow the 
maximum or minimum state of t/, can be deduced from Taylor's 
formula, a more convenient rule may be applied. To demonstrate 
it; let 

u =f{x)y 

then 

u'=/(^ + A) u"=/(x-A), 

and by Taylor's formula 



" -^ = 5^^ + 5^1:2 +di^ 1:2:8 +^"- 

dtt . , cPtt h^ d^u h^ , ^ 
dx ^ dci? 1.2 da? 1.2.3 ^ 



' Art.(34). 



In order that ti be a maximum it must be greater than both u' 

and u", that is, the second members of the above equations, for an 

infinitely small value of A, must be negative ; and for a minimum 

the reverse. But for any value of h less than the one referred to 

in article (12), (and of course when h is infinitely small), the 

signs of the series will be the same as the signs of their first terms ; 

but these terms have contrary signs, hence there can be neither 

maximum or minimum unless the first term of each series be o, 

du 
which requires that — = 0. The roots of this equation will then. 
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in the case under consideration, give all the values of x which can 
possibly make u either a maximum or minimum. 

Let a be one of these roots, and let it be substituted for x in the 

two series, then, since i — j = o, we have 

<^ " ">'- = teL. 172 + (5?L. 1:2:3 + ^^• 

K - u),.. = (^l^^ x:^ - (^i^^ —3 + &C. 

j-^ I , and will 

-T-^j if nega- 

tive ; and the reverse if this ia positive. But if l-j-A = o, the 
signs of the series will again be contrary, and there can be neither 
maximum or minimum unless i^) = o, in which case the 

-ri) : And in general, if there 

be either a maximum or minimum, the first differential coefficient 
which does not reduce to when x = a^ must be of an even order, 
negative for a maximum^ snd positive for a minimum. Whence to 
determine the maximum or minimum states of a given function. 
Find its first differential coefficient and place it equal to 0; substi' 
tute each of the real roots of the equation thusformedj in the second 
differential coefficient. Each one which gives a negative resvU^ wiU 
when substituted in the function make it a maximum^ and each which 
gives a positive resuU wiU make it a minimum. If either reduce the 
second differential coefficient to 0, substitute in the thirdffourthj ^. 
until one be obtained which does not reduce to 0. If this be of an 
odd order J the root wiU correspond to neither a maximum or mtni. 
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mum ; if of an even order and negative^ there tciU be a correipond' 
ing maxmum ; if pontivej a minimum. 

Examples, ■ 

1, If M = f + ac« - 3a»a?, 

3 

^ = a^ + 2a« — 3a", ^ = 2« + 2a. (1), 

Placing the value of — = o, we have 

«* + 2aa? — So* = 0, 

the roots of which are a; = a, and x = ^ 2a. The first substi* 
tuted in (1) gives 4a, which being positive, indicates a minimum. 
The second substituted in (1) gives — 4a, which indicates a maxi- 
mum. Substituting the roots in the given function, we have for 

Sa* 

the minimum u = r-, and for the maximum u = 9a^. 

o 

2. If t« = 2a?* + (^Xj 



I = 8«» + a'. g = 24... (2). 



Placing the value of ^ == o, we have 



8a;^ + a' = ; whence x= — -. 

This value of x in (2) gives 60", and indicates a minimum, 
which IS u = 2". 

o 
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68. Let Au 

be a function, u depending upon x. The differential coefficient 
is A -r-, which placed equal to o, gives 

^5^="- (^)' " 5;^='' <2). 

Now it is plain that the same values of Xj which will satisfy 
equation (2) will satisfy (1), and the reverse. Hence every value 
of X which will make u a maximum or minimum will make Au 
a maximum or minimum. Therefore a constant positive factor 
may be omitted during the search for those values of the variable 
corresponding to a maximum or minimum* 

To illustrate, take the example 

-(2aa?— a?) (1). 

a 

Omitting the constant factor, we may write 

u = 2ax — «*, 

— = 2a — 2x. — : = — 2. 

dx ' dx" 

du 
Placing -7- = 0, we find a; = a, which in (1) gives the mazi* 

mum value ab* 

69. Let V = u", 

u and V being functions of x, and n entire. Then 

— = nu — 
dx dx 
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Now every value of x which will make — = o, will also make 

ox 

— = o ; and ifnhe positive^ will give to -7-^ the same sign as 
-j^ when u is positive, or when u is negative and n an odd num. 
bar : But if u be negative and n an even number, — ^ will have 

a sign contrary to that of -—^ , and the maximum values of u will 

correspond to the minimum values of f = u", and the minimum 
values of u to the maximum values of u\ 

Ifnhe negativej exactly the reverse will take place. 

All values of a?, however, which will make v = u" a maximum 
or minimum, will not necessarily make u a maximum or minimum, 
for the equation 

dv „_i du 

cto (tx 

may be satisfied by making either 



dx 



nur"^=^ 0, or t- = 0. 



Those values of x which satisfy the first, and not the second 
of these equations, will make u neither a maximum or minimum, 
but may make o = u" a maximum or minimum. As in the ex- 
ample, 

dv du 

dv = 2udu -y- = 2u;r-. 

dx ax 



___ dv 

We may make — = 0, by placing either 
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2tt = 2(a^ — a^) = o; whence x= a, 

or 

-_ = — 3a? = 0, *' « = o. 

ax 

The value x = a evidently makes v a minimum, but as it does 

du 
not reduce ---=: — 3a? to o, it will make u neither a maximum 
ax 

or minimum. 

The value x = o answers to neither a maximum or a minimum. 
As the corresponding power of a radical expression is formed by 
the omission of the radical, we may, in accordance with the 
above principles, omit it, and seek those values of the variable 
which will make the power a maximum or minimum. We are 
sure thus to get all the values which will make the root a maxi- 
mum or minimum. Care should be taken, however, not to use 
any of those which belong only to the power. 



70. In a manner similar to the above, it may be shown that 
any value of the variable which will render u a maximum or mi- 
nimum will also render log u and a" a maximum or minimum. 



71. It often happens that the first differential coefficient is 
composed of two or more variable factors, each of which, when 
placed equal to o, may give values of the variable, corresponding 
to maximum or minimum states of the function. Let 



^=^'- 



be such a coefficient, X being when a; = a. Then 
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— = X — +X'— • 
d!x? dx dx 



or since X = when x = a. 



wL.~(^'"diL.* 



That is, to obtain the corresponding value of the second differ- 
ential coefficient ; mtdtiply the differential coefficient of that factor 
which is 0, by the other factors, and then siibstitute the particular 
value of the variable. To illustrate, let 

u = 3?{x — a)\ 
^ = 2x(x - a)»(4« - a), 

which is equal to o, when 

2a: = 0; whence x = o (1). 

(a; — a)» = o; " x=^a (2), 

(4a? — a) = o; " a: = | (3). 

Taking the first factor 2x, and multiplying its differential co- 
efficient by the other factors, we obtain the expression 

2(a? — ay (Ax — a) ; 

from which, by making a? = o, we obtain 



(0Lr-^ 



which indicates a minimum. 

Multiplying the differential coefficient of the third factor 4a; — a, 
12 
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by the others, and making x = _ , we obtain a negative result, 

4 

which indicates a maximum. 

The second value of x reduces — - to o, but will make -^^-7 

da!" dp 

positive, and give a minimum, Art. (67). 



72. If the function be implicit, we have only to find its differ- 
ential coefficient as in article (17) or (53), and proceed as with an 
explicit. To illustrate, take the example 

j/^ — 2mxy -\-a? — a^ = o (1), 

and let it be required to find the value of x which will make y a 
maximum or minimum. By differentiating as in article (58), we 
obtain 

2ydy — 27iixdy — 2mydx + 2xdx = o ; 

whence 

dy my — x . , 

/ =— (2). 

cte y — mx ^ ' 

Placing this equal to o, we have 

my — a? = ; whence x = my, 

which, in equation (1), gives 

y= J ; whence a? = 



Vl -m^' VT^ 



m* 



Differentiating the factor my — x (2), dividing by dx^ and multi- 
plying by — , Art. (71), we obtain the expression 

y "~" itmXi 

y — mx^ dx ' 
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which, by the subatitutioD of the values of y and n, (since thea 



d. 



= »). 



and indicates a maximum. 



73. The only difficulty in the application of (he preceding priU' 
ciples to the solution of prd}lems, consists in obtaining a conve- 
nient algebiaic expression for the function whose maximum or 
minimum state is required. No general rule can well be given 
by which this expression can be found. In order to indicate as 
dearly as possible the methods to be pursued, we will give the 
solution of several cases differing from each other. 

1. Required the dimensions of the maximum cylinder, which 
can be inscribed in a given right cone. 

Suppose a cylinder inscribed, as represented 
in the fignre. Let 

VA = a, BA = i, VC = x, CO = y ; 
then AC = a — x, and the solidity of 
the cylinder, which we denote by v, b equal to 



•fi' 



.)... 



...(1). 



From the similar triangles VCO and VAB, 
we have the proportion 




Substituting this value in (1), we have 
"■-lA'-') 
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OmittiDg the constant factor, Art. (68), we may write 

whence 

^ = 2ar — Bar*, — = 2a — 6a? (3), 

Placing — = 0, we find the roots x^=o, and x = |a. The se- 

cond value of x in (3) gives — 2a, and therefore will make v a 

, . , . 4^alf^ 
maximum, which is — -=— . 
' . 27 

For the altitude of the maximum cylinder, we have a — a; = ^o, 
and for the radius of the base y = ^b. 

The first value ef x in (3) gives 2a, which indicates a mini- 
mum, which is evidently v = o. 

2. Required to draw a tangent to the given quadrant ABD, so 
that the triangle CFG shall be a minimum. 

Let CB = R, FB = a:, BG = y; 
then FG = x + y. The area of the 
triangle is equal to ^CB X FG, which, 
since ^CB is constant, will be a minimum 
when FG is a minimum. Art. (68)* In the 
^ ^ right angled triangle CFG, since CB is per- 
pendicular to FG, we have 




R* = «y ; whence y = — , 



X 



and 



1>2 

FG = u = a? + — 

X 

du_ , _5i ^ ^— R' 

dx '~ a^ ar* ' 

which, being placed equal t9 o, gives a; = R, and y = R. 
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Hence the angle BCF = 45^. Obtaining the corresponding 

^u 2 

value o^ ^ > as in Art. (71), we find for a result -^ . 

3. The whole surface of a right cylinder being given, it is re- 
quired to find the radius of the base, and altitude, when the 
solidity is a maximum. 

Let n^ = the surface, x = the radius of the base, and z = the 
altitude, then 



But 








m' — 2*xz + 2*3? ; 


whence 




rr? — 2«'a:» 

z — 

2<« 


therefore 






• 


V 


w?x 
2 


'KX^y 





'=>/S' '-^ *=V£. 



and aj = \/ -- , and z = 2 W _- , when v is a 

maximum. 

4. Required to divide a given quantity a, into two parts, such 
that the mth power of one, multiplied by the nth power of the 
other, shall be a maximum. 



If « = one of the parts, then x == 



ma 



m + n 



5. In a given triangle, it is required to inscribe a maximum 
rectangle. 

The altitude of the rectangle = ^ altitude of triangle. 

6. A certain quantity of water being given, it is required to 
find the relation between the radius of the base and altitude of a 
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cyliDdrical vessel, open at the top, which shall just hold the water 
and have its interior surface a minimum. 

The radius = the altitude. 

7. Required the maximum rectangle which can be inscribed in 
a circle. 

Each side = RV^ • 

8. Required the maximum cone which can be inscribed in a 
given sphere. 

0. Required the minimum triangle that can be circumscribed 
about a given portion of the arc of a semi-parabola. 

10. Required the maximum cylinder that can be inscribed in a 
given ellipsoid of revolution. 

11. Required the axis of the maximum parabola that can be 
cut from a given right cone. 

12. Required the minimum value of y in the equation y = of • 



MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR 

MORE VARIABLES. 

74. A function of two or more variables is a maximum when 
it is greater, and a minimum when it is less, than all of its con- 
secutive states. Let 

u=f(x,y), then «'=/(« + A, y + «;), 

u'^u = h{p+ p't) + — (^ + 2^t + q"f) + &c (1), 

after placing in the development of article (49), 
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*_fe. 


dx 


dy 


6Pu 


dxdy 


d^ ^'^' 



The sign of this series, when h is infinitely small, will depend 
upon the sign of its first term. Now we shall obtain all of the 
consecutiye states of ti, by giving to h and k proper infinitely 
small values, both positive and negative ; and therefore, when u 
is either a maximum or a minimum, the sign of u' — u for these 
values of h and k must be the same : But the first term of the 
series (1) evidently changes its sign when the sign of h changes ; 
there can, then, be neither a maximum or minimum, .unless 

A(p+p'i) = o or p + |)'i = o, 

k 
and since this must be o for all values of < = - , we must have 

h 
separately p= o and p' = o, or 

^^ /«\ d'^ /«x 

di = " (2> Ty = " <«)• 

The values of x and y, deduced from these equations and sub- 
stituted in the second term of series (1), (h and k being infinitely 
small,) should make it negative for a maximum and positive for a 
minimum. This term may be put under the form 



1.2 Vjf" q" ) 



which, if there be a maximum or minimum, must not change its 
sign for any value of t ; but this requires that the roots of the equa- 
tion 

* q" * q" 
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be either imaginary or equal ; that is, that q and q** have the same 
sign, and q'^ < qq" or q'^ = qq". 

The conditions then are 

(d^ \9 (Pm cPii __ <Pm cPu 

and also that -7-^ and -7-^, have the same sign, after the values of 

X and y deduced from the equations — = and ;?- = ^ have been 

substituted : And since the sign of the second term will then de- 

cPii 
pend upon q", the sign of -7-^ must be negative for a maximum, 

and positive for a minimum. 

If the second term becomes 0, we must substitute the values of 
X and y in the third, which must also be 0, and the sign of the 
fourth negative for a maximum, and positive for a minimum ; the 
discussion of the several conditions of which, although oompli- 
cated, may be made in a manner similar to the above. 

Examples. 

1. Required to divide a number a into three parts, such that 
the cube of the first, into the square of the second, into the first 
power of the third, shall be a maximum. 

Let X = the first part, and y = the second ; then a — « — y 
= the third, and 

u = a^y (a — a? — y), 
^ = ^y'iSa « 8y - 4a?), g = ^y(2a - 8y - 2*), 

Placing these equal to 0, we have 

3a — 3y — 4a? = 0, 2a — 3y — 2a: = ; 
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^TV^hence 



a _ a 



We have also 



J = ^ = 2ay(3a - 3y - 6x), 

3" = ^ = a^(2a — 6jf — 2a;), 
"which for the particular values of x and y become 

9 ' 12' 8 ' 

Hence 

« =144<^^ =72' ^^^ 5?=-T' 

tf is therefore a maximum when its value is -7--. 

432 

2. Make the preceding proposition general, by putting for the 
cube, square, and first power, the mth, nth, and rth powers. 
Then 



u = «"*y"(a — a? — y)\ 



ma tia 



m + n + r^ m + n + r 

8. Required the shortest distance from a given point to a given 
plane. 

Id 
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Let the equation of the plane be placed under the form 

« = Aa; + By + D, 
and the co-ordinates of the given point be x', y, and z' ; then 

u = V(x - xy + (y - j/y +(z^ z% 
or putting for z its value, 

t«= V{x - a;')' + (y - y')' + (Aa? + By + D — i^)«. 
Calling the radical, R, we shall have 

<?« _ y— y + (Aa? + By + D — gQB 
dy R 

du a? — a?^ + (Aa? + By + D — z')k 
dx R 

Placing these equal to 0, and solving the resulting equationa^ we 
may obtain the values of x and y ; and thence, of z. Or other- 
wise, putting for Aa? + By + D its value «, we have 

y — y + B(jr — 2?') = ^^ a: — a;' + A(« — 2f') = 0- 

which are evidently the equations of a perpendicular to the plane, 
and if combined with the equation of the plane will give the values 
of a?, y, and z. 



75. In order that a function of three or more variables be a 
maximum or a minimum, we must have 

du du du . 

- = 0, ~=o, - = o. Ac, 

and the relation between the partial differential coefficients of tlie 
second order must be such, that the second term, in the develop* 
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ment of the difference u' — u shall remain of the same sign, for 
all the consecutive values of the function. 






^-r? APPLICATION OF THE DIFFERENTIAL CALCULUS 

TO CURVES. 



76. To 9 in the expression 

assign a particular value, and deduce the corresponding value of li. 
These values, taken together, may he considered the co-ordinates 
of a point which may then be constructed. By assigning an 
infinite number of values to x^ and deducing the corresponding 
values of u, an infinite number of points may be determined, 
which, being joined, will form a curve whose equation is u = f{x). 
Hence, we conclude that every function of a single variable may 
be regarded as the ordinate of a curve^ of which the variable is the 
abscissa* 




77. Let BMM' be a curve, the 
equation of which is ^ = f{x) ; 
and M any point of this curve, the 
co-ordinates being x and y. In- 
crease the abscissa AP or d?, by 
the variable increment PP' = h ; 
denote the corresponding ordinate P'M' by 3/ ; and draw the se- 
cant M'Mr. Then 

M'Q = FM' — PM=y-.y = PA + FA« Art. (10). 

From the triangle M'MQ, we have 



5G'^3V'3 
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taDg M'MQ = ^ = tang MT'X , 

and placing for M'Q and MQ = PP', their yalues, this becomes 

tang MT'X = ^ = P + FA (1). 

Now if A be diminished, the point M' approaches M, and the 
secant M'T' approaches the tangent MT, and finally when A = o, 
the point M' coincides with M, and the secant with the tangent. 
If then in (1) we make A = o, we have 

tang MTX = P = ^ ; 

that is, the tangent of the angle which a tangent line at any 
point of a curve makes with the axis of X^ is equal to the Jirst 
differential coefficient of the ordinate of the curoe. To show the 
application of this principle, let us take the equation of a circle 

^ + 3^ = R»; 

whence 

^ 5 /ON. 

S ^ y ^^^ ' 

for the general value of the tangent of the angle made by a tan- 
gent at any point of the circumference, with the axis of X. 

If the particular value at a point whose co-ordinates are x!' and 
y" be required ; for x and y^ let x" and y'* be substituted, then 

dx" "^ y" ' 



. dy" cry 

* Note.— The notation — ^, TT/2» ^^•» wused to indicate what tho 

firft, second, dtc differential coefficients become, when for the general 
liaUee x and y the particular values x" and r/' are sabstituted. 
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Take also the equation 

^ = ma? + na^ ; 
whence 

dy m + 2nx m + 2na? 



dx 2y 2Vfnx + na?' 

For the particular point y and xf'y this expression becomes 

dy" __ f» + 2ru?" 



78. If it be required to find the point of a given curve, at which 
the tangent line makes a given angle with the axis of X, we know 
that at this point the first differential coefiicient must be equal to 
the tangent of the given angle. Calling this tangent a, we must 
then have 

and this combined with the equation of the curve will give the 
particular values of x and y^ for the required point. 

If the tangent line is to be parallel to the axis of X, then for 

the point of tangency, -^ = o; and if perpendicular, — = qd. 

We will illustrate each of these cases by an example. 

1. Let it be required to find the point on a given parabola, at 
which the tangent line makes an angle of 45° with the axis. 
The equation of the parabola is y^ = 2pa;, by the differentiation 
of which, &c. we have 

dy_ 2' 
dx y 
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But as tang 45° = 1, we have, for the required pomty 

^ =^ = 1 
dx y ' 

and, combiniDg this with the equation j^ = 2pa;, we find 

The tangent at the extremity of the ordinate passing through 
the focus, will then fulfil the required condition. 

2. Let 

y:=za + {c'^ xf (1) 

represent a curve ; then 

| = -2(c-x). 

which is equal to o, when a; = c ; and this value of d? in (1) gives 
^ = a. These are then the co-ordinates of the point at which the 
tangent is parallel to the axis of X. 

3. Let 

ysza + ^c-- xy . 
represent a curve ; then 



dx 



2(c — «)* 



which is equal to infinity, when a; = c ; x = c and j^ = a are then 
the co-ordinates of the point at which the tangent is perpendicu- 
lar to the axis of X. 
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79* If x" and yf' represent the co-ordinates of a given point on 
a given curve, whose equation is ^ = f{x) ; the equation of a 
straight line passing through this point will be 

y — y" = a{x — 0?") , 

a being indeterminate. This wiU become the equation of a tan- 
gent line at the given point, if for a we put ~j^ • We thus ob- 

*^ v-r = %,i,-^^) (1). 

By differentiating the equation of an ellipse 

i^ + V^ =:a»6S 
we deduce 



dx "^ (fyf* dx" c^y 



// > 



and this value in (1) gives, for the equation of a tangent, to an 
ellipse at the point y"^ x'\ 

J^x" , 
which, by reduction, becomes c^y\f' + Vxx*' = €?V . 



80. If the equation of a tangent be required, which shall be 
parallel to a given line, or make a given angle with the axis of X ; 
we may determine the co-ordinates of the point of contact as in 
article (78) ; and knowing these, the equation may be deduced as 
above. 

Thus, if a tangent to a circle be required to make with the axis 
of X an angle whose tangent is 2, we must have for the required 
point, equation (2), Art.. (77), 
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^.V _ _ * _ Q 
__- — — _ — ^ , 

ax y 

From this, we find y =. — -, whichy combined with the cqoa- 
tion of the circle, gives 

and equation (1), Art. (79), becomes, when we use th^ upper 
signs, 

R 2R 



81. The general equation of a normal, deduced from equation 
(1), article (79), is evidently 

y — y'=- —{x^x"), 

dx" 
or y-y = -—(x-a:'/). 



82. The right angled triangle MTP (Figure of Art. 77) giye9 

PM = PTtangMTP; hence PT = , ^^^p ? 

tang MTP 

or 

^ _ y dx 

SubUmgent =^ -^ = y^. 

dx .^ 

f 
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Also, 



MT = VmF* + Fl^ , 
or 

The right-angled triangle PMR gives 

PR = MP tang PMR ; but PMR = MTP ; 
hence 

PR = MP tang MTP, or Suimormal = y^ 

Also, 

MR = VmF+PR"; 
hence 



To apply these formulas to a particular curve, it is only neces- 

dx dv 
sary to substitute in each the value of — , or •— , deduced from 

CLV ttSD 

the differential equation of the curve. The results will be gene- 
ral for all points of the curve. If the values for a given point be 
required, in these results let the co-ordinates of the point be sub- 
stituted for X and y. 

For example, take the general equation of Conic Sections, 

j/^ = mx + na?; 

whence 

dy _ m + 2na? dx __ 2\/ mx + fu? 

^^ dx '^ ^^mx -|- nx* dy '~ m + 2na; ' • 

*'A 14 
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These values substituted in the formulas^ give 



m + 2nx 



PR = 



m + 2nx 



^ \m + 2nx J 



MR 



= v/. 



mx ^ m? + -{m + 2nxf. 



For the parabola n =^ o^ and these expressions become 



PT = 2a?. 



PR= ^. 



MT= Vmx + 4x^ 



MR 



= \/^ + T- 




83. If a curve be convex towards the axis of X, and the ordi" 
nr nate positive, as in the annexed 

figure, it is plain, that as the ab- 
scissas AP, APS &c. increase, the 
tangents of the angles MTX, M'TX, 
.j<^J[^ — j* T^ ' p ^V^ ^^'» ^^^ ^^ increase, and the re- 
verse. Since these tangents are re- 
presented by the corresponding values of the first difiTerential co- 

efiicient of the ordinate (;r^) 9 ^ ^*^ ^^ ^^ increasing fimdurnqf 
a?, and its differential coefficient, i. e., — ^ , must be jxmttre, Art, 

(11). 

If the curve be still convex, and 
the ordinate negative; the tangent 
of the angles STX, S'T% d^c. 




plainly decrease as x increase! ; 



.^ 



dx 
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is a decreasing function of x ; and — ^ ^^ust be negative. 

dar 

If then a curve be convex towards the axis of abscissas, the 
ordinate and its second differential coefficient^ taken at the different 
points^ vnU have the same sign. 

If the curve be concave, and nr 

the ordinate positive^ as in the 
figure; the tangents of the an- 
gles MTX, M'T'X, &c. wiU de. ^ 

crease as x increases; -p will be a decreasing function, and 

-r-^ negative. 

If the curve be concave and the ordinate negative ; the reverse 
will evidently be the case, and -=^ will be positive. 

Hence if a curve bp concave 
towards the axis of abscissas, \ 
the ordinate and its second dif- 
ferentidl confident wiU have 
contrary signs. 




,• / 



ASYMPTOTES. 



84. An asymptote is a line which, continually approaching a 
curve^ becomes tangent to it at an infinite distance. Asymp- 
totes may be curvilinear or rectilinear. The latter only will be 
considered here. 
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Let MV be any curve, and BC a 
rectilinear asymptote. Also let MT 
be any tangent line, the equation of 
which, article (79), is 

If we make ^ = o in this equation. 



xz=x" -- y" -TT = AT. 
^ dy" 

If we make 2? = o, we obtain 



(!)• 



dv" 



A8. 



(2). 



Now as the point of contact M, the co-ordinates of which are 
x" and y"f is removed farther from the origin, the tangent MT 
will approach nearer to the asymptote BC ; and finally, when M 
is at an infinite distance, the two will coincide, and the distances 
AT and AS become respectively equal to the distances AB and 
AC. 

If then the expressions for AT and AS, when such vtdues are 
substituted for x" and y" as to remove the point Mtoan infinite dis- 
tance^ are both finite, there will be an asymptote, which may be 
drawn through the points B and C. 

If one of these expressions becomes infinite, and the other finite, 
there will be an asymptote parallel to the axis on which the dis- 
tance is infinite. 

If both expressions become infinite, there will be no asymptote. 
If both become 0, the asymptote will pass through the origin of 
co-ordinates, and the tangent of the angle which it makes with 
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dv" 
the axis of X may be obtained from the value of -^, when for x" 

and y" the proper values are substituted. 

Hence to construct the asymptote of a. given curve; find, by 

dy" 
differentiating the equation of the curve, the value of -p;-,? which 

substitute in formulas (1) and (2) ; the results thence obtained 
by substituting for sf and y" their values for that point of the 
curve which is at an infinite distance, will be the distances cut off 
from the co-ordinate axes by the asymptote, if there is one. 

Examples, 
1. Take the equation of lines of the second order, 

j^ = mx + na?. 
By differentiation, dec, we obtain 



whence 



dy m + 2nx 
dx~ 2y 


m + 2na: 

• 


d^' 


m + 2nx*' 


dx" ± 


2Vmx" + na?"2 



Substituting this and the value of y" = db ymx^^ + nx^ in (1) 
and (2), we have 

x" "^ 
. / s »wa?" 4- 2nx"^ m ... 



dt2^/mx" +nx"^ ^ 2 



/m , 



In this case, the co-ordinates of that point of the curve which 

15 
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is at an infinite distance are x** = oo and 3/' = oo. Making a/' 
= QD in (3) and (4), we have 

AB = !!L_ = _^. 

AC= g - ?!L.-. 

For the hyperbola n is positive, these expressions are both 
finite, and, as there are two different values of AC, there are two 

asymptotes, and since m = — r- and n = ^a* w® ^*v® 

AB = - A, AC = ±B. 

For the parabola n =^ o^ the expressions are both infinitCi and 
there is no asymptote. 

For the ellipse n is negative and AC imaginary, as it should be, 
since there is no point of the curve at an infinite distance^ and of 
course no asymptote. 

2. Take the equation 

X® — Saxy + 3/^ = 0. 

From formulas (1) and (2), we obtain in this case 

^^ - x^r^ ^ ay" (^^' ^® - y"' ^ a^' W- 

As it is difficult to obtain the value of y in terms of x from the 
given equation, we can not at once eliminate y" from (5) and (6) ; 
but if we make x = ty and substitute in the given equation, it 
will be divisible by 3/^, and we then find 

Sat 
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If in this we make t = — 1, we have 
y = cd; hence when y is infinite it is 
equal to — Xy and for that point of the 
curve which is at an infinite distance we 
have y" = — a?" = qd. 

Changing y" into — a?" in (5) and (6), 
they become 




AT = 



— g 

ar' 



AS = 



— a 



I — 



a 



X 



n 



and making x" = od, we find 

AB = -a 
hence BC is the asymptote. 



and 



AC = — a ; 



8. Take the equation x^j^ = p, 

in the curve represented by which, the points at an infinite dis- 
tance have for their co-ordinates x" = o, y" = od, and y" = o, 

x" =00. 



DIFFERENTIALS OF AN ARC, AREA, &;C. 

85. Let tt represent any function of x, and 

m + QA, m + 0,% 

two functions of x and h, both of which reduce to m, when h 
and suppose for all values of A, that 



o; 



u' — tt 



^ — >m + QA (1), and 



u' — u 



<m+Cl'h (2); 



du 



then --T- will be equal to m. For if it is not equal, it will be either 
greater or less. Suppose it greater, and let 
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du 

-r;- = m + n, 

ax 



Then 



u' — u 



= m + n + FA Art. (10). 



Placing this value in (2) we should have 

w + n + FA < m + Q'A ; 

whence 

n<A(Q'«F), 

an impossibility for all values of h ; since as h dikninishes, before it 
becomes o, it must assume a value so small as to make A(Q' — F) 
less than n, which is entirely independent of A. 
Neither can 

du 

-r- = III — • n. 

ax 

For then from (1) we should have 

«i — n + P'A>m+QA; 

whence 

- n > QA — FA or n < A(F — Q) ; 

which can not be, for the same reason as before. Therefore we 
mu8t have 

du 
ax 

* 

That is, if the ratio of the increment (A) of the variable^ to that of 
the function^ for aU values of h, be greater than a certain quantity 
tohich reduces to m when h ^ o; and at the same time less than a 
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certain other quantity which also reduces to m when h = o; then wHl 
the differential coefficient of the function be equal to m. 
We mast therefore have 



u' - M = mA + FV. 



.Art. (10). 



If this be divided by (m + Qfi)h or (m + Qfh)hy we ob- 
tain the two ratios 



m +F'h 
m + QJk' 



m+?'h 



m 



the limit of either of which is ^ ^ l : Hence the limit of the 



m 



ratio 6btaine4 hy dividing the increment of the function by either of 
the quantities into A, is unity. 



86. Let BM =^zhe any arc of a curve, the equation of which 
is y :=f(x)* Since this equation establishes a relation between y 
and X for all points of the curve, the arc may also be regarded as a 
function of x. Let AP = Xy PM = y ; and 
increase x by PP' = h ; then BM' = z'. 
MM' =z z' — z will be the increment of the 
arc Zf and 

M'Q = y .^ y = PA + P'A^ 




A P 



the increment of the ordinate y. 
Draw the tangent MN at the point M. We then have 

tang NMQ = ^ = P, 

dx 

NQ = PA, NQ — M'Q = NM' = — P'A^ 
MM' = Vmq' + M^ = h V 1 + (P + P'*)', 



7 X 
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MN = Vmq'+nq" =avT+P, 

MN + NM' = A V 1 + F — F'h\ 

But the arc MM' is greater than the chord MMS and less than the 
broken line MN + NM' for all values of h ; therefore 

2' -z > A V 1 + (P + FA)*, and z' -^z < AVl-fP«-FV, 
or 



z' — z 



> Vl + (P + P'A)' ^ir-^ < Vl + F - FA; 



the second members of each of which expressions become 

-v/l + F, when A = o. 

Therefore, in accordance with the principle of the preceding 
article, we must have 

dx ^ y dit" 

dz = V ^ + d^\ 

that is, the differential of an arc is equal to the square root of the sum 
of the squares of the differentials of the co-ordinates of its paints* 
To illustrate, take the equation of a circle 

a:» + y» = R«; 

whence 

, xdx xdx 



y VK^-s^' 

and 
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*=\/*- + K^ = 



VTir 



87. Since, also, by article (95), the limit of the ratio 



A V 1 + (P 4- I^A)' MM' 

is unity, we prove that the limit of the ratio of a chord to Ot eorret- 
ponding arc ia unity. 



88. Let BMP = «, be any area included between a cuttb 
and the axis of X ; it will evidently be a function of x. 

Let AP = », PM = y, PV = k; 

then 

P'M' =p + Vh + P'h'. and PMM'P' = »' — » 

the increment of the area«. 

The rectan^es PM' and PQ being con- 
structed, we have 

PQ = yh, PM' = P'M'ft = (y + pft + p-s«)A. 

But the area PMM'P' is always greater than the rectangle PQ, 
and leas than PM' ; whence 

»'—a>yh, and f' — 3<{y + Ph+ P'h')k, 



",— — » 



- < y + P* + FA*, 
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both of which quantities become tfy when A = o ; hence. Art. (85)» 

ax 

that is, the differential of the area is equal to the ordinate of the 
hounding curve into the differential of the abscissa* 

The differential of the area included between the curve and 
axis of Y, may be found in the same way to be 

ds = xdy. 

If the axes of co-ordinates are oblique to each other, the rect- 
angles PQ and PM' become parallelograms ; the area of the 
first is yh sin cj, and of the second 

(y + PA + ^'h^)h sin w, 

cj representing the angle made by the axes of co-ordinates ; 
whence 

ds =zysinu dx. 

For an example, take the equation 

whence 

ds = ydx = V R^ — of.dx. 

Take also the equation 

f = 2p'a?, 

the axes of co-ordinates being oblique ; then 



ds = V 2p'a? sin w dx. 

89. Let the curve BM revolve about the axis of X ; it will 
generate a surface of revolution which will be a function of jc, and 
which we denote by u. 
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The notation being as in the preceding arti- 
cles, the increment (m' — ft) of the surface, 
when X is increased by A, will be generated by 
the arc MM'. The line MN, tangent at M, gen- 
erates the surface of a frustrum of a cone which 
has for its measure, (since P'N = P'Q + NQ 

= y + PA), 




A P 



7 X 



MN 



2«'(PM + FN) -^ = ^{2y+ PA)^/^^^^^. 



The line M'N generates a plane surface which is equal to the 
difference between the two circles whose radii are P'N and P'M', 
that is, 

. <y + PA)* ~ <y + PA + ?'h')* = Rh\ 

expressing by R the polynomial coefficient of h\ after reduc- 
tion. The sum of these two surfaces always exceeds the surface 
tt' — ti, therefore 



w — u 



< *(2y + PA)-/! + F + RA. 



The chord MM' generates the frustrum of a cone which is less 
than tt' — ti, and measured by 

2«'(PM + P'M') ^' = «'(2y + PA + P'A*)VA« + (PA + P'A7; 



hence 



tt' — M 



^ > <2y + PA + P'A^) Vi + (P + P'hy. 

Since the second members of both the above inequalities reduce 

to 2*yVl + P^ when A = o, we must have 

16 a 
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that is, the differential of a surface of revolution m eqmd to the 
drcttmferenee of a circle perpendicular to the axit, midtiflied by 
the differ&aitd of the arc of the generating cvrve. If the curve r»- 
volve about the axis of Y, we may determine in the same way 



du = ZvxVd^ + d^ . 
If we suppose a parabola, whose equation is jr* = Spc, to re- 
volve about its axis, we shall have 



/^ 



+ di^ = 



SO. Let the area BMP revolve about the axis of X ; it will 
generate a soUd of revolution, which is a function of x, and 
which we denote by v. If x be increased by 
PP' = A, then the area PMM'P' will generate 
the increment (y' — v) of the solid. The rect- 
angle PQ will generate a cylinder, which is al- 
ways less than v* — t>, and which is measured 
by •Kj/'h. The rectangle PM' will generate 
another cylinder, which is always greater than 
- V, and is measured by ir(y + Pft + P'A') h ; hence we have 



->.!/• 



- < '(S + P» + P**) , 
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-— = flr^ dv = iti^dx ; 

dx 

that is, the differential of a solid of revolution is equal to the area 
of a circle perpendicular to the axis^ multiplied by the differential 
of the abscissa of the generating curve. 

For the solid generated by the area included between the curve 
and axis of Y, we may find in the same way, 

dv = ira^dy . 

If we take the particular case of the ellipsoid, the equation of 
the generating curve being 

we have 



GENERAL llEMARK. 

91. HeretofOTe, in our treatment of the subject, we have re- 
garded the differential of the independent variable merely as an 
arbitrary constant, Art. (7), without having fixed upon any par- 
ticular value for it. All the demonstrations are then as true for 
one value, as for another. 

It is however of the greatest convenience, in the application of 
the Calculus to the higher branches of Mathematics and Physical 
Science, to regard this differential as infinitely small ; that is, so 
small as to be contained in unity an infinite number of times ; and 
hereafter it will be so regarded. 

The advantages of so regarding it will appear evident after a 
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few illustratioDs. Let us take first the simple function discussed 
in article (7), 

u = cu^. 

After X has been increased by dx, we have there found 

u' "- u = 2axdx + ada^, 

Nowy if the increment (dx) of the variable be infinitely small, 
the two states u and u' will plainly be consecutive, the expression 
for their difference being 

2axdx + o^a;^ (I)- 

But since dx is infinitely small, its square will be infinitely 
small when compared with it : As may be shown by taking the 
identical equation 

^ __ dx __ da^ __ 
dx^ dx^^ d^ ^ ' ' 

from which, since dx is contained an infinite number of times in 
unity, it appears that do^ will be contained an infinite number of 
times in dx ; da? in d^, &;c. : ado^ will then be infinitely small 
with reference to 2axdx^ and may be omitted from expression (1) 
without materially affecting its value ; hence in this case 2axdx 
may be taken for, or is the measure of the difference u' — «. 

This is true also in the general case, for all the terms of the 
difference, except the one which we have taken for the differen- 
tial, will contain dxio di higher power than the first (see equation 
(3), Art. (7) ; they may then all be rejected, and the differential 
of the function taken, as the measure of the difference between two 
consecutive states of the function. 

It is plain, also, since 

du = pda?, d?u = gdicf, d^u = rda?, &c Art. (26), 

that the second differential of a function is infinitely small when 
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TTTT' 



compared with the first, and the third when compared with the 
second, and so on. It is usual to call these, infinitely small quan- 
tities of the first, second, and third orders ; and we see, from what 
precedes, that every infinitely small quantity may be omitted 
without error, when connected by the sign dc with one qf a lower 
order. 

In the application of the Calculus to curves these principles are 
of great use. Let BMiVI' be a curve; 
MP, MT', any two consecutive ordinates; 
PF = P'P" = P"P'", dec, being each equal 
to dx ; then the difierence between y and f/, 
or y — y = I^'Qy is equal to dy; and 
z' — « = MM' = dzi Or since x' — z may 
represent the difference MM', M'M", M"M"', 
between any two consecutive states of the arc, the different 
values of dz may in succession represent the infinitely small arcs 
MM', M'M", 6lc, the sum of all of which will be equal to the en- 
tire arc z. 

So the difference between the two areas BM'P' and BMP is 
equal to PMM'P' = ds ; and the different values of ds may in succes- 
sion represent the infinitely small areas PMM'P', P'M'M"P", dec, 
the sum of all of which will equal the entire area s : And in ge- 
neral, if the variable be increased by its differential, the corrttm 
ponding increment of the function may he represented by the differ * 
entUd of the functiony and the sum of all the different values of this 
differential wUl equcd the function itself 

In accordance with the above principles, the expressions in ar- 
ticles (86, 88, 89 and 90) are at once deduced. 

1. The arc MM' is equal to z' — z = dz\ and since the limit 
of the ratio of the arc and chord is unity, they continually ap- 
proach an equality as they decre€ise ; and when both are infinitely 
small, the one may be taken for the other. But 



the chord, MM' = Vmq' + M'tt' = Veto" + dj^; 
16 b 
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hence 

2. The area PMM'P' = s' ^ s = ds; and since the limit of 

PMM'P' 
the ratio — r^-^ — is unity, the area PMM'P', when infinitely 

small, may be taken for the rectangle PQ. But 

PQ == PM X PP' = ydx ; 

hence 

ds = ydx. 

3. The surface generated by the arc MM' is equal to u' — tc 
= du, and this will not differ from the surface .of the fnistrum 
generated by the infinitely small chord MM', which is equal to 

MM' 
[2iry + 2*(y + dy)]—^ = *(2y + dy)dz = 2ifydzj 

since dy may be rejected ; hence 

du = 2<j(ydz = 2ify Vdsd^ + di^, 

4. The solid generated by the area PMM'P' = t/ — t> = <f© 
will not differ from the solid generated by the rectangle PQi 
which is equal to 

flrMP X PP' = ^fdx ; 
hence 

dv = itj^dx. 
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SINGULAR POINTS. 

92. A singular point of a curve is one at which there exists 
some remarkable property, not enjoyed by the other points. 
By a general discussion of the equation 

y=6 + <a?-a)" (1), 

we shall meet with some particular curves, on which some of 
these points will be found. 

1st. IjCt m be an entire and even number. 

By the differentiation, dec. of (1), we have 

g = mc(x _ a)-^ (2), ^==m{m^ l)c(x - a)"-« (3), 



^ = m(m— 1) 2.I.C. 

Placing — = 0, we obtain a? = a. 

> 

This value of a?, when substituted in (1), (2), (3), dec, gives 
y=h, and reduces the successive differential coefficients to o, as 
far as the mth, which ifcbe positive, becomes a positive constant, 
and is of an even order ; hence ^ = 6 is a minimum ordinate 

Art. (67). 

du 
Since for a? = a, we have ;jr = ^ 5 t^c tangent line at the ex- 
tremity of this minimum ordinate is parallel 
to the axis of X ; and since (m and m-— 2 
being even) for all values of x except x = a, 

y and -r4 are positive, the curve at all of its 

points is convex towards the axis of X, Art. (83). 
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Ifcbe negative ; the mth differential coefficient will be nega* 

tive ; and x =-a and y=^h will be the co- 
ordinates of a point at which the ordinate 
is a maximum. In this case, the second 
differential coefficient for all values of Xf 
except ^ = a, is negative, and the curve, 
for all positive values of y^ concave, and for all negative values of 
2/, convex, towards the axis of X. 

2d. Let m be an entire and odd number. 

When x = a, the first differential coefficient as before, is equal 

to o, as also the second, third, dec. The mth however, ifche 

posiiivey is a positive constant, and of an odd order ; there is then, 

in this case, neither a maximum nor a minimum. Art. (67). 

By examining the second differential coefficient, we see (since 

m — 2 is odd), that for every value of x < a, 
it is negative ; that for x = a, it is o ; and 
when a; > a, it is positive ; hence for all values 
of a; < a, which give y positive, the curve is 
concave towards the axis of X ; and for all 
values of a; > a it is convex, as in the figure* 
Therefore at the point whose co-ordinates are x = a and y =^bj 
as X increases, the curve changes from being concave, and be- 
comes convex, towards the axis of X. 

Ifcbe negative; the reverse will be the case, and as in the 

second figure, at the point M, whose co-ordi- 
nates are x = a and y=^b, there is a change 
from convexity to concavity towards the axis 
of X. Such points are singular, and are 
called points of inflexion. In both cases the 
tangent line at the point of inflexion is paral* 
lel to the axis of X, and also cuts the curve. 

3d. Let m be afractiouy the numerator and denomtnator ^ which 
are odd^ as }. Then 





DIFFERBNTIAL CALCULUS* 



125 



dy _ 3c ^ 

dx b(x — a)^' 



= 6 + c{x — a)*, 

— ??— 2 3c 

d? " " 5 5(a? - a)^' 



.dec. ; 



« = a gives 






00 5^=«>,&c. 




Ifehe pasUive ; -^ for all values of x < a will be positive, and 

for all values of a; > a, negative ; hence for all 
values of x less than a which give y positive, 
the curve will be convex, and for all values of 
» greater than a it will be concave towards the 
axis of X, as in the figure. 

If c he nfigcAwe ; the reverse is the case, as in the second 
figure. 

Tiie point M, whose co-ordinates are x =z a 
and y = hjiain both cases a point of inflexion 
at which the tangent line is perpendicular to the 
acts of X. Whence we may say : a point of in- 
flexion is one at which^ as the abscissa increases^ 
a curve changes from being concave towards any 
right line^ not passing through the point, and becomes convex, or 
the reverse. 

If the right line be taken as the axis of abscissas, this point will 
always be characterized by a change of sign in the second different 
tUd coefficient of the ordinate. For, since the curve on one side 
of the point is concave, and on the other convex, the second dif- 
ferential coefficient in one case has a difierent sign from that of 
the ordinate, and in the other the same; hence at the point 
the nign most have changed. In order that this may be the case,, 
the aeoond differential coefficient must be equal to zero, or 
infinity. 
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The roots of the two equations 

will then give all the values of the variable which can belong to 
points of inflexion. 

It sometimes happens that a point of inflexion lies on the axis 
of X, as in the second case above discussed when & = o. In this 
case x=^ a gives 

y = o and ^ = ^' 

and the corresponding point M is a point of 
inflexion, at which both the second differential 
coefficient and ordinate change their signs. 

It is evident from the preceding discussion, 
that if any right line be drawn through a point 
of inflexion, the curve on both sides of the point will either be 
convex towards the line, or concave. 

4th. Letm he a fraction with an even numeratoTf as f . Then 

dy _ 2c ^ 1 2c 

x = a gives 

T dy ^y 

c being first regarded as positive ; if a; < a, -^ will be negative, 
and if 07 > a, it will be positive ; hence at the point whose co-or- 
dinates are a? = a and y z=z b, -^ must change its sign from mi- 
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nus to plus, which change indicates a minimum ordinate, 
Art (66). 

If che negative ; the reverse will be the case, there will be a 
change of sign from plus to minus, and the ordinate will be a 
maximum. 

In the first case, the second differential coeffi- 
cient for all values of x is negative, and the ordi- 
nate positive ; the curve is therefore concave to- 
wards the axis of X, as represented in fig. (a). ^ 

In the second case, -7^ is always positive. For 

all positive values of y the curve will then be convex, and for all 
negative values of y concave, as in fig. (5). 
The tangent at the point M is in both cases per- 
pendicular tathe axis of X. 

The point M is singular, and is called a 
cusp. 

It is a point at which the curve, when inter- 
rupted in its course in one direction, turns immediately into a 
contrary one. 

5th. Let m he a fraction with an even denominator, as f . 

Since the denominator of the fraction indicates that the square 
root is to be taken, the double sign db must be placed before 

(a; — a)*, and we then have 




y = bdc c(x — a)*. 



^=±|c(a;-a)*. 



dx 






3c 

4(« - a)*' 



Every value of a? < a gives y imaginary ; a? = a gives y = h, 
and a; > a gives two values, one greater and the other less than 
h» There is then no point on the left of that one whose co-ordi- 
nates are x = a and y = h ; but on the right of this point the 
curve must extend indefinitely and consist of two branches. 



1^ DXVFBRBNTIAL CALOVLVB* 

dy 
x= a gives ^ ~ ^ ' ^® toDgent at M is then paral- 
lel to the axis of X. ^ 

Each value of 2; > a gives two values for 

-7-^ the one positive corresponding to the greater 

value of y, and the other negative ; hence the 
upper branch is convex* and the lower concave, as 
in the figure, and the point M is a cusp« 




93. Let us now take the equation 

(y « ^y = A 

from which we deduce 

y = a? db a?*, 

When X = 0, we have ^ = o. If a? be negativci y is imaginary. 
For every positive value of x, there are two real values of y^ both 

of which are positive as long as a:' > :ra or « < 1 ; after 
which, one is positive and the other negative. 

dy 
When « = 0, -— = o ; also 'when 

dx 

2 dz — aj* = o, or 0? = — • 

2 ' 25' 

hence the axis of X is tangent to the curve at the origin, tod 

the tangent to the lower branch, at the point whose abscifliii 

16 
-.i.paraUeltothe.xi»ofX. 

The first value of -rl belongs to the upper branch, and It ahr^i 
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positive. The second value is also positive as long as 2 > f f ari' 
o' ^ "^C ^W ' ^^^^ which it is negative. 
The origin is then a cusp, at which both 



^ 



M 



NT 



branches lie on the same side of the 

common tangent, and is of the second jr 

species, those before discussed being of 

the Jirst species. The point of the lower branch whose abscissa 

is 3^ is a point of inflexion. 



94. By differentiating the equation 



y = 6 d= (a? — a) yx^-c, 



we derive 



dy _ 
dx 



= d: 'y/ X — c ± 



a: — a 



2^ X — c 



For every value of a? < c, y is imaginary. 



For X = c, y = h, 



and 



dy 
dx 



= GD. 



For every value of a? > c, there are two real values of y. 

For a? = a, y = 6, and !^ = ± -/ a — c, 

dx 

and at the corresponding point M there are two tangents, one 
making an angle, the tangent of 

which is + V fl — c, and the 

other — V a — c. The point 
M is singular, and belongs to a 
class called multiple pointSy or 

points at which two or more branches of a curve intersect. If but 

17 



B 
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two intersect, the point is a double multiple point; if three^ 
a triple ; and so on. Since there will be a separate tangrent to 
each branch, at one of these points, it will be characterised by 
two or more values of the first difiercntial coefficient, for the 
same values of the variables. 

95. From the equation 

a^ — a^ + ftic* = 0, 
we derive 

y a dx 2Va{x-h) 

Since a; = o gives y=Oy the origin A is a point of the curve. 

All negative values of x make y imaginary, as also all positive 

values less than b ; hence A has no consecu- 
tive point. Such points, given by the equa- 
tion of a curve, but having no consecutive 
points on either side, are singular, and are 
called isolated or conjugate points. At these 
points it is plain that no tangent can be drawn, 
and that therefore the corresponding value of 
the first differential coefficient must he imagtttO' 

ry ; as in the above example, x =zo gives 

dy _ ^ h 
dx y'_ ab 

96. We will close this branch of the subject by a discuarion of 
the equation 

ay* — x* + (6 — c)a^ + box = o ; 
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'whence 



y a dx 



^-^ax^x — b){x+c) 



Each of the values, x =iOy a: = 6, a? = — c, gives y = o. 

Every negative value of a: > c gives y imaginary ; while every 
such value less than c gives two equal values ofy with contrary 
signs : Every positive value of a; < 6 gives y imaginary, and every 
such value greater than &, gives two equal values of y with con- 
trary signs. The curve is then symmetrical with reference to 
the axis of X. 

Each of the values, a? = o, a? = 6, a? = — c, reduces -^^ to ao ; 

ClX 

hence at the three corresponding points the tangent is perpendic- 
ular to the axis of X. 
By solving the equation 

3a? — 2x(h — c)— 6c = o, 

we shall find two real values for x, 
and thus determine the points at which 
the tangent is parallel to the axis of 
X* The curve may then be drawn 
as in the figure, in which AC = — c 
and AB = 6. 

If c = o, the equation becomes 

and the oval AC reduces to the conjugate point A, as in the pre- 
ceding article. 

If 6 = 0, the equation becomes 

ai^ — af -^ cai^ = 0, 
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and the curve takes the form indicated in figure 
(h)y the origin being a double multiple point, cdnce 




If h and c are both equal to o, the equation becomes 
a^ ^ 31^ z=z o; whence y = d: ^ — , 
and the curve will be as in figure (c), the point A be- 



ing a cusp of the first species. 



OSCULATORY CURVES AND CURVATURE. 

97. It is now proposed to examine the tendency which curves^ 
with a common point, have to coincide with each other in the 
vicinity of this point ; and also the use which may be made of 
this property of curves. 

Let there be the three curves BB', 
CC, DD', having the point M conunon ; 
the co-ordinates of the first curve being 
represented by x and y, those of the 
second by x' and y', and those of the 
third by x" and y". 

Since the point M is common, for this we have 




AP = X = x' = x" 



PM = y = y' = y". 



Suppose the abscissa AP to be increased by the variable A, we 
shall then have 



PM.=^.+ »,= , + f. + gi+gj^,+*c. 
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I'M -/I*' + a; - y -f ^, A + de's 1.2 ^ dr" 1.2.8 ^ 
T'M"'=f{^ +h)=y +— A+^^— + — ,j^ +&C. 

in which -7-, t> ;j4> ^c., represent, what the 

first, second, dec, differential coefficients, obtaiDed from the differ- 
ential equations of the first curve, become by the substitution of 
the co-ordinates of the common point. 

•—, "T^» ^^•» ^^^ corresponding values for the second 

curve 

^f ' "rf^ ' ^^ ^"^^ *^® *^'^^- 

By subtracting the second and third equations, each, member 
by member* from the first, and making 

^_^_ dy dy" __ 

dx da/ ' dx dx" ' 

^_^-A' A 'fy" _ p, . 

da* d*" ~ ' da" dx"l - "' <*=<5- 

we have 

M'M"= Aft + A'j^ + A'-j-^ + &c., 

M'M'" =Bh + B'^ + B"z-^ + &c. 

Now, if ^ be made infinitely small, the points M'M"M'" will 
become consecutive with the point M, and it is plain that the se- 
cond curve will approach nearer to a coincidence with the first. 
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than the third does, if M'M'' is numerically less than M'M'", 
that is, if 

A* + A'^*l + A"j|5 + &o. <Bh + B'A; + B"^3+ &C. 

This condition will necessarily be fulfilled if A is equal to 0, 
and B is not, as we shall have, after omitting the factor A, 

A'— -f A" 4- &c. < B -f B'— 4- B"-^ 4- 6dc.. 

1.2 ^ 1.2.3 -f- *^^- ^ ^ 1.2 ^ 1.2.3 ^ • 

a true inequality when h is infinitely small, as then the whole of 
the first member will be less than the finite quantity B. 

But A = o gives ^ = %> 

that is, the first and second curves have a common tangent, or 
are tangent to each other at the common point. 

If A = and B = 0, the three curves have a common 
tangent, and in order that M'M" < M'M'", we must have 

which, it is proved as before, will necessarily be the case if A' = 
and B' is not. We thus have in addition the condition 

If B' = or ^ = ^ also, then M'M" < M'M'" 
if in addition to the other conditions we have 

and in general the second curve will have a greater tendency than 
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the third to coincide with the first, if the first and second' have 
more equal successive differential coefficients at the common 
point, than the first and third. 

Two curves which have a common point, and the first differen- 
tial coefficients taken at this point equal to each other, are said to 
have a contact of the first order, or are simply tangent to each 
other. 

If the first and second differential coefficients taken at this 
point are equal to each other respectively, the contact is of the 
second order. 

And, in general, if the first m differential coefficients taken at 
this point are equal respectively, the contact is of the mth 
order. 

To illustrate, take the two equations 

f = 4a: (1) y = x + 1 (2). 

By combining them we find a common point, the co-ordinates 
of which are x" = 1 3/" = 2. 

By difierentiation, we find from (1), 

%=-y (3); whence gj = 1 ; 

and from (2), 

^ = 1.. (4)- « ^-1 

Differentiating again, we have from (3), 

^ _ _ 4 dJ'y" _ 1 

^ - ^ ; whence ^,,2 - - ^ ' 

and from (4), 

d^ ''' dx"' ""' 
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^ . . . 

The two lines having a point in common^ and the first dif- 
ferential coefficients equal at this point, have a contact of the 
first order. Since the second differential coefficients are not 
equal, the order of contact is no higher than the first. 

98. The constants which enter into the equation of a curve 
determine its extent and position with respect to the co-ordi- 
nate axes. If then one curve be given completelyy and another 
in kind only, by its general equation, the constants in this equa- 
tion being arbitrary, we can evidently assign such values to them 
as shall cause the curve to fulfil as many conditions as its equa- 
tion contains constants ; that is, we may make the co-ordinates 
of one point of the second curve equal to those of a given point 
of the first ; and in addition, as many difierential coefficients taken 
at this point, for the second curve, equal to the corresponding 
ones of the first, as there are constants to be disposed of, less 
one ; thus giving to the second curve an order of contact at a 
given point of the first, denoted by the number of contianis less 
one. 

To ascertain the values which must be assigned to the arbitrary 
constants : Obtain first, the value of the ordinate from the equa- 
tion of the second curve, (the abscissa being assumed equal to 
the abscissa of the given point,) and place it equal to the or- 
dinate of the given point; or what amounts to the same 
thing, substitute the co-ordinates of the given point in the equa- 
tion of the second curve ; obtain then the first differential co- 
efficients by differentiating the equation of each curve, substi- 
tute in these the co-ordinates of the given point, and place 
the results equal ; do the same with the successive differential 
coefficients, until as many equations are formed as there are ar- 
bitrary constants. By the solution of these equations we can 
find those values of the constants which will cause the conditions 
to be fulfilled. These, substituted in the equation of the second 
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curve, will give an equation which will represent the particular 
curve having the required order of contact. 

The curve, which at a given point of a given curve has a higher 
order of contact than any other of the same kind, is called an 
oscuUxtrix. Thus, an oscillatory circle is one which has a higher or- 
der of contact than any other circle. 

Since no more conditions can be assigned than there are con- 
stants ; the highest order of contact which can he given to a 
curvcj is denoted by the number of constants less one, which enter 
iis most general equation. 

Let these principles be applied : 

laU To find the equation of an osculatory right line* 

Let the equation of the given curve be 

y =/W» 

and the co-ordinates of the given point, a/' and y. For this 
point, we have 

y" =f{^'). 

The most general equation of the right line is 

y = ax + b (1), 

containing but two arbitrary constants. The first condition to be 
fulfilled is, that the value of y deduced from this equation, when 
X = x"y shall be equal to y"^ that is 

y" = ax" + b (2). 

The first difierential coefficient derived from the equation of 

du 3aJ^ 

the given curve is -j-^ which for the given point becomes --^. The 

ax Ox 

first difierential coefficient derived from equation (1) is-~ = a; 

hence the second condition is 

18 
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a 

Bjr the solution of equations (2) and (3), we find 

These values in (1), give the equatioii 

dv" . dv" dv" , 

This, as it should be, is the same equation as that deduced in 
Art. (79). 

2d. To find the equation of the osculatory circle at any point 
of the curve whose equation is y =-j\x). 

Denote the given point, or point of osculation^ by x!' and y. 

The most general equation of the circle is 

(x-a)»+(y-;8)« = R» (1), 

containing three arbitrary constants. A contact of the aecond 
order may therefore be given to the circle. 

By differentiating the equation y =zf[x\ and substituting s" 
and y" in the first and second differential coefficients} we obtain 

dy" <Py^ 

dx'' dt"* 

Differentiating equation (1) twice, we have 
{x — a)dx+(y — ^)dy = o; whence ■^ = ^t 
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But the coDditions that the circle be an osculatrix are, (x being 
assumed equal to x'*,) 

^ ^ da? da" da? dx"^' 

We shall then have for the three equations of condition, 
(x" - af + (y - ^f = R» (2) 

1+*?::! 
^' = - ^'-'^ (3) a:: = ^ ^' "- ...(4). 

By the solution of these, we can find the values of R, a and j3, 
which substituted in (1) wiU give the equation of the osculatory 
circle. 

To illustrate, let us seek the equation of the circle osculatory to 
the parabola whose equation is 

at the point whose co-ordinates are a;'' = 1, y" =^ 2. 

Differentiating the given equation twice, and substituting the 
co-ordinates 1 and 2, we find 



dy 2 

•— — "™* — • 

da? y' 


whence 


dx"~ ' 


ffy 4 


u 


<Py"_ 1 
dx"* 2 



These values, with the co-ordinates of the given point, placed 
in the equations of condition, give 

(l-a)» + (2-/3)» = R« 

1 — a 1 2 






2 — jS 2 2 — jS* 
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whence 

a = 5 )S= - 2 R=-/32, 

and the equation of the osculatory circle will then be 

(a? - 5)« + (y + 2)« = 32. 



99. Since in the three equations of condition just considered, x" 
and y may, in succession, be made to represent every point of 
the given curve, we paay omit the dashes and write the equations 
thus 

(«-«)» + (y-^)' = R« (1), 

«_a = _^_^) (2), 

y-^=--if- (3); 

in which it must be recollected, x and y are the co-ordinates of 
the point of osculation, a and /S the co-ordinates of the centre of 
the osculatory circle, and R its radius. 

Substituting in (1) the value of e — a, and reducing, we ob- 
tain 



i# 



whence, by the substitution of the value of y — j8, 



dx d^y 



R = ±-^^5 — , , 



which is a general value for the radius of the osculatory circle. 
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If z denote the arc of the given curve, then 

dz = Vd^Td^ • -^rt. (86)5 

hence the above expression for R becomes 



R=± 



«-.• 



dxd^y 



100. If 9 denote the angle made by the radius of the oscula- 
tory circle drawn to the point of osculation, with a fixed line as 
OP, M and M' two consecutive points, and MC and M'G the 
corresponding radii intersecting at C, then 

MC = R, MM' = dz, nn' = dip Art. (91). 

Since MCM' may be regarded as a triangle 
right-angled at M, we have ^ 

MM' = MC tang MCM', 

and since MCM' is infinitely small, the arc which measures it 
may be taken for its tangent ; hence 

dz=Vid(Dj and R = -7-. 




101* The first value of R in article (99) has been deduced 
under the supposition that x is the independent variable. It is 
sometimes desirable to change this indep^dent variable, during 
the discussion of expressions of this kind, and to regard y or some 
other variable quantity in the expression as the independent one. 
A more general expression for R may be obtained without the 

particular supposition referred to, if we recollect that — has been 
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deduced by the differentiation of ^, regarding d(dx) = o. 

If we differentiate this expression on the supposition that both 
dy and dx are variabloi we have 



(D= 



Jdy\ _ dxcPy — dycPx 



which must take the place of -~, or for 

^ dx 

dx^y we must put dxcPy — dyffx» 

The value of R thus becomes 

R ^ ± (.fa* + dy»)f ^ ^ &° .jv 

<22;c2^y — dydPx dxd^y — c^j/cPo; ^ '* 

If in this, dx be regarded as constant, we shall have the value 
of R, as in article (99). 

If dy be constant, or y^ regarded as the independent variable, 
then 



^_^ {d^ + d^)i ^ 



dJ" 



dyd^x "^ dyd^x * 

If 2 be regarded as the independent variable, dz will be constant, 
and cZ(cZ2^) = ; whence 

dxd^x + dyd^y = o. 

Adding the square of this, to the denominator of the value of 
R^ taken from (1), we have 

pa <?3?^ _ &* 

- [(A)' + (^'^)'](^y"+^)"" (A)" + (^«)"' 

R = d= ^^ 



vTWT(3^' 
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102* Since the curve and osculatory circle at a given point 
have a tangent in common, they must also have the same nor- 
mal ; but the normal to the circle passes through its centre, the 
normal to the curve must then pass through this centre ; or the 
radius of the osculatory circle^ drawn to the point of osctdation^ is 
normal to the curve. 



103. Let BB' be any curve and CC an arc of the oscu- 



latory circle. Then since -^=-^ and 



dx dxf 



5? =^ ^® shaU have, Art. (97), 



A 



M'M" = A" ^4^ + A'" — ^ 



P V 



B 



y^ ^C 



1.2.3 



1.2.3.4 



+ &C (1). 



When h is infinitely small, the sign of M'M" will depend upon 
that of the first term of the series, which will have the same 
sign as A" when h is positive, and a contrary one when h is 
negative; that is, M'M'' and m'm!^ have contrary signs. If 
then M" is below the curve BB', ml* will be above it, and the 
reverse ; and the circle CC must intersect the curve at M. 

It may be shown in the same way, that any oscukxtrix of an 
even order intersects the curve ; whUe one of an uneven order does 
not : As, when the order of contact is even, the first term of 
(1) will contain h with an odd exponent, and will therefore 
change its sign when h becomes — A. This will not be the case 
when the power of A in the first term of (1) is denoted by an even 
number. 

The osculatory circle, however, does not intersect at those 
points about which the curve is symmetrical with its normal. 
For, ordinates being drawn from the points of both, perpendicular 
to the common normal, if the ordinate of the curve on one side is 
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greater than the corresponding ordinate of the circle, it will be so 

on the other side ; as may be seen in the figure, in which, if 

pi > jpo, then jm' > po' ; or if 
pi < po, then jm' < po' ; hence in 
this case, in the vicinity of the point M^ 
the circle lies entirely within or entire- 
ly without the curve. In these cases it 
will be found that the order of contact 
of the circle is odd, and higher than the 

second, for unless A'' = 0, the circle must intersect, as shown by 

the preceding demonstration. 
Since the osculatory circle has a more intimate contact with a 

curve at a given point than any other circle, it will necessarily 

separate those circles which are tangent without the curve from 

those which are tangent within. 




104. The curvature of a curve at a given point is its tenden- 
cy to depart from its tangent at that point. Thus, 
""S^v ^ of the two curves AC and AB, having the com- 
c B mon tangent AD, the former has a greater ten- 
dency to depart from the tangent, and has the 
greatest curvature. 

The curvature of the circumference of a circle, is evidently the 
same at all of its points, but of two different circumferences, that 
one curves the most which has the least radius ; as in the figure, 

the tendency of ahd to depart from the tan- 
gent is greater than that of ah^d'^ and this 
tendency plainly increases as the radius de- 
creases, and the reverse ; that is, the ctfrm- 
ture in two different circles varies inverse- 
ly as their radii. 
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This being the case, the expression = may be taken as the mea- 
sure of the curvature of a circle whose radius is R. 

Since the contact of the osculatory circle with a curve is so in* 
timatoy its curvature may be taken for the curvature of the curve 
at the point of osculation ; and the (wo in the immediate vicinity 
of this point, may be regarded as one and the same curve ; hence, 
to compare the curvatures at dif- 
ferent points of a curve, we have 
only to compare the curvatures of 
the osculatory circles drawn at these 
points. Thus in the curve MM', 

curvature at M : curvature at M' :: - : -. 

r r 



105. The radius of the osculatory circle at a given point of a 
curve is called the Radius of Curvaiurej at that point. The gene- 
ral value of this radius is given in article (99), and it may be 
found for any particular curve, by differentiating the equation of 
the curve, and substituting the derived values of dy and (Py in the 
formula, 

dxd^y 

If the value at any particular point of the curve be required ; 
for X andy in the value just deduced, substiti^e the co-ordinates of 
the particular point. 

As only the absolute length of the radius of curvature is re- 
quired in determining the curvature of curves, we may use either 
the plus or minus sign of the formula. It is best, in general, to 
use that which, taken with the sign, resulting from the expression, 
will make R essentially positive. 

19 
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Let it now be required to find the general expression for the ra- 
dius of curvature of Conic Sections. 
Their equation is 

fr =^ mx + tur; whence ay = ^ — ' — , 

J, 2ny<fa» — (m + 2nx)dxdy _ [toy* — (m + 2wa:)*]<fa* 

*^y- V V 

These values substituted in the formula, give 
P _ mmx + m^) + {m + 2nxY]^ 

and this, after dividing both terms of the fraction by 6, may be 
put under the form 



P _ (V mx + nx" + i(m -h 2m;)') « 

"4 



(1)' 



the numerator of which is the cube of the norma], Art. (82) : 
Hence the radius of curvature at any point of a conic section, 
is the cube of the normal divided by the square of half the para^ 
tneter, and the radii at different points are to each other as the 
cubes of the corresponding normals. 

If in (1) we make a; = o, we have, at the principal vertex, 

R = — = one half the parameteTf 

B" 

which for the ellipse and hyperbola is — • 

A, 

The radius of curvature at the vertex of the conjugate axis of 
the ellipse is obtained by substituting in (1), 



2B» 


. B' 


The result is 
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and ar = A* 



A' 
R = ^ = one half the parameter of the conjugate axis. 

It may be readily shown that —is the least value which R ad- 

mits of; therefore the curvature at the principal vertex of a co-. 

A' 
nic section is greater than at any other point. Likewise, -^ is 

iJie greatest value of R in the ellipse ; hence the curvature of the 
ellipse is leasts at the vertex of the conjugate axis. The curva- 
ture of the other two curves diminishes as we recede from the 
vertex. 

For the parabola n = o\ we then have 

3 
__ {^ + 4llM?)» 



EVOLUTES. 

106. If at the different points of a given curve osculatory 
circles be drawn, and a second curve 
traced through their centres, the latter 
is Tcalled the Evdute of the former, 
which is the Involute, Thus CC' is 
the evohtte of the involute MM''^ 
PcMnts of the evolute may always be 
constructed by drawing normals at the 
different points of the involute, and on 
each of these normals laying off the 
corresponding value of R, deduced as in article (105). 
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107. If a and /S, the co-ordinates of the ^centre of the oscola- 
tory circle, be regarded as variables, they will determine all the 
points of the evolute ; but a, j3, and R, are functions of a? and y* 
the co-ordinates of the points of osculation ; and the relation be- 
tween these five variables is expressed by the three equations of 
article (99), which may be written thus, 

(a:-a)» + (3/-^)»=R« (1), 

(x -^ a)dx + (y - ^)dy = o (2), 

(y - ^Ky + di/' + dx' = o (8). 

If we differentiate (1) and (2), regarding all the quantities, 
except dxj as variables, we obtain 

(x — a)dx + (y — ^)dy — (x — a)da - (y — P)d^ = RdR, 

da!^ + dt^ + {y — ^)dPy — dxda — dyd^ = o, 

and these, by means of equations (2) and (3), are reduced to 

- (x - a)da - (y'-p)dfi = RdR (4), 

— dxda — dyd^ = o (5). 

Equation (5) gives 

dx dp . 

"Ty^l^ ^^^- 

dx 
— — is the tangent of the angle which a nivmal to the involute 

d8 
at the point {x^ y) makes with the axis of X, Art. (81), and -7- is 

the tangent of the angle which a tangent to the evolute at the 
point (a, j3) makes with the same axis ; hence these angles are 
equal.. But the normal at the point (a?, y) passes through the 
point (a, P)i Art. (102) ; therefore the normal and tangent form 
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one and the samp line ; that is, the radius of curvature is normal 
to the invoiutej and tangent to the evolute. 

The evolute may therefore be constructed, by drawing a curve 
tangent to the normals at the different points of the involute* 

From what precedes^ it is plain that the evolute may be 
regarded as formed by the intersections of the consecutive nor- 
mals to the involute, and that the point of intersection of any 
two consecutive normals may be taken as the centre of the oscu- 
latory circle, which passes through the two consecutive points of 
the involute at which the normals are drawn. , 



106. Equation (6) of the preceding article, combined with (2), 
gives 

Substituting this value in (1), we^have, after reduction, 

(y-/3)'^^^^^=R'. (7). 

Substituting the same value in (4), reducing and squaring both 
members, we obtain 

Divi£ng this by (7), member by member, and taking the root, 

Vda!" + d^= dR . 
But if X represent the arc of the evolute, we have 

dz = Vda« + d/3'. Art. (86) ; 

hence 
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uR = dzf 



dR, -^ dz =^ Of 



d(R — z) = o ; 



wheDce R — z must be a coDstant, Art. (14), or 

R = a; + c. 



■ 

109. If any two radii of curvature be drawiii as one at M and 
the other at M' ; the first being denoted by R, the second by R', 

and the corresponding arcs BC and BC by % 
and z'f we have 




R=:Z + C 



R' = «' + c ; 



whence 



R' — R = 2' 



»i 



that is, the difference between any two radii of curvature is equal to 
the arc of the evolute intercepted between them. 

If in the equation R = z + c> we make z =: a, and denote by r, 
the corresponding value of R, we shall have 

r ^=0 + c=z c; 



that is, the constant c is always equal to the radius of curvature 
which passes through the point of the evolute, from which its arc 
is estimated. 

If we estimate the evolute of the ellipse from 
the point C, we have 




-pi 

C=:MC = ^. 

A 



.Art. (105). 



hence 
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A' 
Also, since M'C = ^ , 

M'C — MC = ^ - ^ = CC. 

B A 

If the evolute and one point of the involute be given, and a 
thread be wrapped around the evolute and drawn tight, passing 
through the given point M, fig. (a) ; when the thread is un- 
wrapped or evolvedf the point of a pencil first placed at M, will 
describe the involute ; for, by the nature of the operation, CC is 
always equal to M'C — MC. 



110. The equation of the evolute of any curve may be found 
thus : Differentiate the equation of the involute twice ; deduce the 
values of dy and cPy^ and substitute in the equations 



»-^=-^ <') 



Art. (99) ; 



combine the results, which will contain the four variables a, j3, x 
and y, with the equation of the involute, and eliminate x and y ; 
the final equation will contain only a, /3, and constants, and will 
therefore be the required equation* 

As an example ; let it be required to find the equation of the 
evolute of the common parabola. 

The equation of the involute is 

^ = 2px ; whence • -? = ^ • 

ax v 
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Substituting these values in (1) and (2), and reducing, we 
have 

y-i^ = p +y; whence — ^ = p (3); 

and putting for y, in (8) and (4), its value V ^P^ = (2p)'«', we 
have 

P* 

1 

The value of a; = ~ (a — p) taken firom the last equation, and 

o 

substituted in the preceding, gives 

which is the required equation. 

If we make ^ = o, we have a = p, and laying off 

AC = p, C will be the point at which the 
evolute meets the axis of X. If we transfer 
the origin of co-ordinates to this point, we 
have 

a' = a-p, 0' = ^; 

hence 
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Since every value of a' gives two values of /3', equal with con- 
trary signsy the curve is symmetrical with the axis of X. If a* 
be negative, P* is imaginary, and the curve does not extend 
to the left of C. The branch CC belongs to AM, and CC" 
to AM'. 



TRANSCENDENTAL CURVES. 

111. The most general division of curves is into the classes, 
Algebraic and TranscendenUd^ 

When the relation between the ordinate and abscissa of a curve 
can be expressed entirely in algebraic terms [see Art. (5)], it be- 
longs to the first class ; and when such relation can not be ex- 
pressed without the aid of transcendental quantities, it belongs to 
the second class. 



112. One of the most important of the latter class is 

tSB LOGARITHMIC CURVE, 

80 named, because one co-ordinate is the logarithm of the otheri 
Its equation is usually written 

y = log «, 
or, if a be the base of the system of logarithms, 

20 
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The curve is giyen when a is known, and 
may be constructed by laying off on the axis 
of X the different numbers, and on the cor« 
responding perpendiculars, the logarithms of 
these numbers : Or it may be constructed 
from the equation x = a\ by making |f = i, 
I, I, &c. ; whence the corresponding values 
of X are 



When y= Of x = 1. This being the case for ail systems of 
logarithms, shows that all logarithmic curves, when referred to 
the same axes, cut the axis of X, or ttxis of numbers, at a distance 
from the origin equal to unity. 

If a > 1, and a; > 1, y is positive and increases as x increases ; 
if a; < 1, ^ is negative and increases numerically as x decreases 
until x=iOf when y = — oo . If a; be negative, there will be no 
corresponding value of y. The curve will then be of the form in- 
dicated by the full line in the figure. 

If a < 1, the reverse will be the case, and the curve will be re* 
presented by the dotted line. 



118. If now we differentiate the equation ^ = log jt, M being 
the modulus, we deduce 



dy_M 



dx 



X 






When 



Xz=zO 



dx 



qd: 



hence the tangent at the corresponding point is the axis of T ; 
and since for x = o, y = — oo , this tangent is an asymptote. 
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When a?=QD, -^=— =0. 

ax 00 

But OP = 00 gives y = oo ; hence there is no tangent parallel to 
the axis of X, at a finite distance from it. 

The value for the subtangent on the axis of X is 

If the subtangent be taken on the axis of Y, we have 

that is, the svhtangent on the axis of logarithms is constant^ and 
equal to the modulus of the system in which the logarithms are 
taken. 

If M=l, SS'=1 = AB. 

Since, when a > 1, ^ is negative for all values of x, the part 
BM is concave towards the axis of X, and BM' convex. 

When a < 1, M is negative, —^ will be positive, the part Bm' 
convex and Bm concave. 



114. Another remarkable transcendental curve is, 

THE CYCLOID, 

which is generated by a point in the circumference of a circle, 
when the circle is rolled in the same plane, along a given straight 
line. 

Let AB be the given line, and suppose the circle to have been 
placed upon it, so that the generating point was at A, and then to 
have been rolled to the position RME. 
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The generating point now at M, has generated the arc AM, 



Take the origin of co-ordinates at A, and let AP = x^ PM = y 
and RE, the diameter of the generating circle >= 2r; then 

AP = AR - PR (1). 

But since every point of the circumference from M to R, as 
the circle tras rolled, came in contact with AR, we have 

AR = arc MR = ver-sin~*RN = ver-sin^'y • 

Also, 

PR = MN = VRN X NE = Vy(2r - y) = -/2ry - y«. 
Substituting the values of AP, AR and PR in (1), we have 

X = ver-sin~*y — V^ry — y* (2), 

which is the equation of the Cycloid. 

After the circle has been rolled over once, every point of the 
circumference will have been in contact with AB, and the gene- 
rating point will have arrived at B ; we have then 

AB = circumference of generating circle = 2«r. 

The given line is called the base of the Cycloid, and the line 
CD = 2r perpendicular to AB at its middle point, is the axis. 

If the rolling of the circle be continued beyond the point B, an 
infinite number of arcs, each equal to ADB, will be generated. 

Every negative value of y in equation (2) makes x imaginary ; 
hence there is no point of the curve below the axis of X. 
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y = 2r, gives x = ver-sin~*2r = irr = AC. 

Every value of y > 2r makes x imaginary ; hence the great- 
est ordinate of the curve is equal to the diameter of the genera- 
ting circle. 

By differentiating (2) we have, Art. (42), 

. _ rdy rdy— ydy 

ax = . = — ; 

V^ry — J/* y2ry — f 



or reducing 



^ = y^y /3\ 

VSry — y* 



which is the differential equation of the Cycloid. 

115. Substituting the preceding value of dx in the formulas 
of article (82), and reducing, we have 

Subtangent, PT = ~ 



V2ry — y* 



Tangent, MT=-^^^L=. 

V^ry — f 

Subnormal, PR = V2ry — y^ . 

Normal, MR =» V^ry . 

Since the subnormal PR = V^ry — y* = MN, the diameter 
ER and normal MR intersect the base at the same point. 
Hence, to construct the normal at a given point, join it with The 
point at which the corresponding position of the generating circle 
is tangent to the base : Or, upon the greatest ordinate CD as a 
diameter, describe a circle, and, through the given point M, draw 
a line parallel to the base, from the point F in which it cuts the 
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circle, draw the two chords CF and DF to the extremities of the 
diameter ; a line through the giyen point parallei to CF will be 
the normal, and one parallel to DF the tangent. 

If it be required to draw a tangent parallel to a given line aa 
T'T" ; draw the chord DF parallel to the given line, from F draw 
FM parallel to the base ; the point M is the point of contact, 
through which draw a line parallel to T'T". 



116. From equation (3), article (114), we have 



dy_ V2ry — y* _ / 2r — y ^ 

which becomes o when y = 2r, and qd when y = o ; hence, at 
the extremity of the greatest ordinate, the tangent is parallel to 
the base; and at the points A, B, dz;c., where the curve meets the 
base, it is perpendicular. 

If we differentiate the equation 

V2ry — f 
(since dx is constant) we shall obtain 

V2ry--y* 
whence 

which is always negative. The x^urve is then concave towardf 
the axis of X. 
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117* SubstitutiDg the values of dy and dPy in the expression 

R = « (^ + ^^)^ ^ 

dxd^y 



we obtain 



mi 






2V^ry ; 



or since V^ry is the expression for the normal, Art. (115), the 
Radius of Curvature is equal to twice the normal at the point of 
osculation. 

If y = o, R = o ; and if y = 2r, R = 4r ; 

hence the radius of curvature at A, (see figure in next article) 
is equal to a ; and at D is 4r ; therefore, Art. (109), the arc 
AA' = 4r. 



118. To obtain the equation of the evolute let us substitute the 
values of dy and fy in equations (1) and (2) of article (110). 
After reduction, we find 



y^P=2y, « — a = — 2'v/2ry--y; 

whence 

y= — i3, a; = a-.2V— 2r)3-./8*. 

These values, in the equation of the involute. Art. (114), give 

a = ver-sin-' - /3 + V— 2r)8 - ^ (1), 

for the required equation. 
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If we produce DC to A' making C A' = DC, and then transfer 

the origin to A', the new axes being 
A'X' and A'D, and the new co-ordi- 
nates a' and /3', we shall have for 
any point, as M', 

AG = fl^ GM' = -/3, 

A'F=a', FM' = i3'. 
Since AC = irr, and CG = AT', 




a = ^rr — of ; 



and since GP' = 2r, 



GM' = 2r — /3', or — = 2r 
Substituting these values in (1), we have 

^rr — a' = ver-sin-^Sr — jS') + V^' 
whence 



-^'. 



-^'* 



a' = -rr — ver-sin-'(2r — jS') — V2r)3' — i8'=» ; 

But Tf — ver-sin"''(2r — j8') = ver-sin~* j8' ; hence the last 
equation becomes 

a' = ver.sin-')8' — V2r/8' — /S'*, 

which is the equation of the evolute referred to the new axes, and 
is of the same form and contains the same constants as the equa- 
tion of the involute, therefore the two curves are equal. 

Since arc A A' = 4r, its equal AD = 4r, and ADB = 4.2r ; 
that is, equoL to four times the diameter of the generating circle. 
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THB SPIRALS. 

119* If a right line be revolved uniformly, in the same plane^ 
about one of its points ; a second point of the line continually ap- 
proachingy or receding from the fixed point, in accordance with some 
prescribed law, will generate a curve called a spiral. 

The fixed p<Hnt is called the pole or eye of the spiral. The 
portion of the spiral generated while the line makes one revolu- 
tion, is called a spire ; and since there is 
no limit to the number of revolutions, the 
number of spires is infinite, and any straight 
line drawn through the pole of the spiral 
will intersect it in an infinite number of 
pdnts. 

The system of polar co-ordinates being 
used to determine the different points of a 
spiral, its equation will, in general, be of the form 

in which u denotes the radius vector, and t the variable angle. 




120. Before discussing the particular spirals, it will be neces. 
sary to determine general expressions for the subtangent, d^c. 
and the differentials of the arc and area, in terms of polar co- 
ordinates. 

The subtangent, in such case, is the part of the perpendicular to 
the radius vector of the point of contact, intercepted between the 
pole and the point where the tangent meets this perpendicular. 
Thus, if A be the pole, and MT the tangent, AT perpendicular to 

31 
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AM is the subtatigeiit. To find the ex- 
pression for it ; let the arc t receive the 
increment PP', (AP being = 1) ; de- 
scribe MC with the radius AM = u; 
draw the chords MC and MM^ and the 
line AT' parallel to MC, and produce 
MM' to T'. From the similar trianglei 
MM'C and M'AT', we have 



MC : MC : : M'A : T'A ; T A ^ 



MC X M'A 
MC 



.(1). 



Also from the similar sectors APP' and AMC, 
1 : PF : : AM : arcMC ; arc MC = AM X PF. 

Now suppose the increment PP' = dt^ then M'C = du. 
Art. (91), M' becomes consecutive with M, the secant MT 
coincides with the tangent MT, T'A = AT, AM' = AM = » 
and chord MC = arc MC = udt. 

Making these substitutions in (1), we have 



AT = subtangent = 



u*dt 
du' 



.(2). 



From this we deduce 



AT AT ittft , ,„^ 
= 1^ = ^7:7 = t*°gAMT. 



u 



AM du 



ThetangentWT^^ ^ +AT' = "\/i + £- 



The similar triangles AMT and AMR, give 



AT \ u I \ u I AR ; AR =« — ^ = — = sub^normaL 
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When M' is consecutiye with M, MM'C may be regarded as a 
triangle, right-angled at C ; hence 

MM' = V we + we* 

But MM' is the differential of the arc ; therefore 

If ADM be any segment, AMM' will be its increment when 
t is increased by dt. CalUng the segment a, AMM' will then be 
dSf and may be measured by the sector AMC. But the area of the 
sector 

1 . u*dt 

AMC = ^ AM X arc MC = ^; 

hence 

, m 

t^dt 
ds = — --• 
2 

It should be observed, that all of these expressions may be 
found precisely as in the corresponding cases in rectilineal co-or- 
dinates, but it is better to avail ourselves of the more simple pro- 
cess indicated in the general remark, Art. (91). 

121. An equation, from which the particular equations of 
most of the spirals may be deduced by assigning particular values 
to a and ii, is 

, u = of*. * 

If n be positive, < = o will give u==Oy 

and the spirals represented by the equation have their origin at the 
pole. 
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If n be negative, t = o will give ti = oo, 

and the spirals have their origin at an infinite distance, continu- 
ally approach the pole, and u becomes equal to o only when 

< = OD. 

122. Let n z= 1, then « = o^ 

and if u' and i', u" and t", represent the co-ordinates of any 
two points of the spiral, we shall have 

u' = at' u-' = at" ; 

whence 

u' :«"::«': <", 

or the law in accordance with which the generating point most 
move is, thai the radius vectors shall he proportional to the eorres- 
ponding angles. 

The curve thus generated is the spiral of Archimedes. 

If we take for the unit of distance, the length of the radius 
vector after one revolution ; then u = 1, f = 2*^, and the 
equation gives 



1 = a.2flr 


1 
^ = 2r' 


and the primitive equation becomes 


\ 


ti = r— ; whence 


dt 



This spiral may be constructed by dividing a circumference 
into any number of equal parts as 8, and the radius AB into the 
same number of equal parts. On the radius AC lay off one of Aese 
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N 



\ 



parts ; on AD two, AE three, &c. ; on AB y^ — p*- 

eight, then again on AC nine, dsc. The dis- ^^^ 

tances thus laid off will be proportional to the ' 

angles BAG, BAD, &c., and the curve \ j /^^ 
through their extremities, the required spiral. \v\ i 
Substituting the values of u and du in ^^*^i. 
equation (2), Art. (120), we have 

AT = suhtangent = — . 

If i =1 2r, that is, if the tangent be drawn at the ex- 
tremity of the arc generated in one revolution, we have 

AT = 2*' = circumference of measuring circle. 

If i = fli.2ii', or the tangent be drawn at the extremity 
of the arc generated in m revolutions^ 

AT = i»*.2«' = m,2mit ; 

that is, equal to m times the circumference described with the ra- 
dms vetior of the point of contact* 
Foi the subnormal we find 

dt 2vt 



123. If n = ^ , the general equation becomes 
tt = at , or M* = eft. 

This equation being of the same form as that of the parabola, 
the curve given by it is called the ParaMic Spiral, 

It may be constructed by first constructing the parabola whose 
equation is ■ ^ = f^^9 and then laying ofi* from P to 
B, C, D, &c. along the circumference, any assumed abscissas. 
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f-.. 




and from A to M, M', dec. the correepond- 
ing ordiDates ; the points My M', &c. will 
be points of the spiral, since for each we 
have 



^ 



3^ = (fx 



or 



u^^ift. 



The subtangent at any point is 



2tf 



124. If n = - 1, 



— ..f-i — 



a 



u = air = --, 



tt = ar 



or 



becomes 



tit = a, 



and the spiral thus given is called the hyperbolic spiral. 
If u' and t't u" and 1"^ be the eo-ordinates of any two points of 

the spiral, we have «' = ~ , and «" = — ; whence 

, » 1 1 

• t' t" * 

or the radius vectors are inversely proportional to the angles. 

If M be any point of the spiral, 
AM = tt MAP = t. 

The right-angled triangle MAP, gives 




tt = 



MP 

aint 



Substituting this value of tt in the equation ut = a, we find 



MP=a 



BlUt 
7 
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As < is diminished, this valae approaches nearer to a, and since 
I — — I = 1 ; when < = o, we have MP = a . 

If then at a distance AC = a , a line be drawn parallel to AP, 

it will continually approach the curve and touch it at an infinite 

distance. 

__ _ . __ tfdi 

The subtangent AT = *jr* = — a. 

It is then constant and equal to AC. Also, 

^ = tang AMT = — < ; 

that is, the tangent of the angle made by the tangent and radius 
vector is eqwd to the arc which measures the angle made by the 
radius vector andjixed line. 

We may apply these properties to the construction of the curve 
by points, thus. With A as a 
centre and radius = a, de- 
scribe a circle ; join any 
point T with A, draw the 
indefinite radius vector AM 
perpendicular to AT. Make 
AD =z arc PN ; join D and 
N, and draw TM parallel to DN, M will be a point of the curve ; 
for by the construction 

AD = tang AND = tang AMT = arc NP. 



/T 




125. The spiral represented by the equation 

< z= log u 
is called (he logarithmic spiral. 
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DifTerentiating, we find 

,, Mdu 

at = ; 

u 

whence 



tang AMT = ^ = M ; 

that is, the angle formed by the radius vector and tangent is con- 
stant^ and the tangent of this angle is equal to the modulus of the 
system of logarithms used. 

If the Naperian system be chosen, M = 1, and AMT = 45®. 
Since t is the logarithm of u, if it be increased uniformly, so that 

the different arcs <, f^ t"^ &c., shall be in 
arithmetical progression, then u, vf^ u"f d^c, 
must be in geometrical progression, and the 
curve may be constructed thus. With AO= 1 
describe a circle, and divide the circumferenoe 
into any number of equal parts, and draw the 
lines AO, Ap, Ap', 6dc. The distances laid 
off on these lines are to be in geometrical progression, since the 
arcs Op, Op', Op", dec, increase by the constant difference Op. 
To find the ratio of this progression let f = o, then u = AO = 1* 
Now make t = the arc Op, and find the corresponding value of 
tt in the system of logarithms used, which lay off to m, then 

-— r = the ratio. 

On Ap', Ap", dec, lay off Am', Am", so that 
AO : Am : Am' : Am" : Am'" : dec, 
m, m', m", &c., will be points of the curve. 
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INTEGRAL CALCULUS. 



126. Thx object of the Integral Calculus is to explain how to 
pass from dififerentials to the functions from which they may be 
derived : Or in any particular case, to find an expression ichichy 
if it he d^ererUiatedf mU produce the given differential, 
. This expression is called the integral of the differential. The 
i^rmbol f when prefixed to a differential, denotes that its 
integral is required, thus 

and this integral (du being infinitely small) is plainly the same as 
the sum referred to in article (91). 



127. We have found, article (15), dAu =: Adu ; there- 
fore 

fkdu =s^fdAu =« Att = Afdu* 

From which we see that a constant factor may be placed with* 
out the sign of integration, without a^ecting the value of the in- 
tegral; thus, 

22 
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fh{a - ;^)dx = hf{a - !^)dx, f— = ^fn^dx. 



Also in article (18), we have 

d(u + u =b &c.) = du + dv =b dec. ; 
hence 

f{du + dvdc dec.) =ifd{u + vdc dec.) = « + r d= dec. 

=^fdu +fdv d= dec. ; 

that is, t?^ integrcdofthe sum or difference of any number of differ^ 
entudSf is equcd to the sum or difference of their respectioe integrals. 

Also in article (14), we have 

d(u + C) = dw, 

no matter what the value of the constant C may be ; hence an 
infinite number of expressions differing from each other in a cone 
stant term, when differentiated will produce the same differentiaL 
For this reason, to the integral immediately found we aiwityt add a 
constant; thus, 

fdu = tt 4- C. 



1 

INTEGRATION OF MONOMIAL DIFFERENTIALS, *o* 

128. By article (22), we have ' 

dixTf^ = (m + 1) aTdXf 

ardxrz^—r-z^d 



m+l m + 1' 
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hence 

m+1 ttt+1 

Therefore, to find the integral of a monomial differential ; tn- 
crease the exponent of the variable by unity, and then divide by the 
new exponent, and the d^erentiai of the variable. 



Examples. 

7? 

1. If du = xdx, fdu =^fxdx = — + C. 

2. If du = ^ fdu = ^f!C^dx =-^ + C. 

8. If du^bx^dx, ,« = ^=?^ + C, 



dtt=: 


a^dx. 
c 


du=z 


bx^dXf 


du = 


_m 

X *dx 



4. If du^z'^ , U = -7 r + C. 

e , ' e(n — m) ^ 

_ T^ , adx . 3arf <fc A*(te 
6. If dM=:-^4- — T — , 

^adx . -Sarfcte « ^c^x^dx . ^ /««^x 
" ^-^"^ ■^•^"■ft /-;— ...Art. (127). 

The application of 'the ahove rule does not give the proper in- 
tegral when m = — 1,^ as in this case we have 



whereas 



/*"'*' = =T+1 = J = °° ' 



fxr'dx =/— ^ Ix+C Art. (87). 
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This result was to be expected, since /— or Ix can not be ex- 
pressed in algebraic terms. Art. (5). 

If du = 5^, 

X 

a ^dx a J .^ 

or tt = log a? + C, 

the logarithm being taken in the system whose modulus is t« 



129. Many expressions, by the introduction of an auxiliary 
variable, may be transformed into monomials, and then integrated 
as in the preceding article. 

I. Let 

du={a + hafy&ar-^dx. 

Place a + ^«* = « > 

then 

nbsd^^dx = dz sf^^dx = -j— , 

bn 

Substituting in the given expression, and integrating, we have 

-_ ^dx'^dz c' - „- c' z"^^ 

fdu=f—T — = rr/« ^ = rr — rr; 
•^ -^ftn ftn*' hnm + 1 

and replacing the value of z^ we have, finally, 

[m + l)no 



IirrEORAL CALOVLUS... 178 

that is, to integrate a binomial dififerential when the exponent of 
the variable without the parenthesis is one less than that within : 
Multiply the binomial tnih its primitive exponent increased by unity ^ 
by the constant factor J if there is one ; then divide this result by the 
product of the new exponent^ the coefficient and the exponent of the 
variable within the parenthesis. 



Examples* 

1. If du = {a + b3^)^exdx, u =^^^^^ + C. 

2. If dtt = (2 - Sa^y^Sx^dx, « = — |(2 ^Sx')^+C. 

ft _l 

3. If iltt = (a — bx^y^x ^dx, u = -^^ r — ^+C. 



m _^P _*'*^i 



4. Let du = a(b — cz » ) «» " dz. 

U. Let 

, aar-^dx 

Place 5 ± a;" = z ; 



then 



and 



dz 
± wxT'^dx = dz x^^dx = dc — J^ 

n 



u = ±f— = =b -Zz = ±-Z(J ± a;-) + C. 
'^ nz n n ^ ^ 



In the same way we may find the integrals of the following ^ 

expressions. 



;• 
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, T * ji m(b + 2cx)dx 

a + oa? -f- car 

Place a + 6a? + CO!* = z, then {h + 2ca;)cb; = <b, 
u = mjC— = mix = mZ (a + fea? + ca^) + C. 

2. If (ftt = -^^, tt=-2Z(a-y) + C. 

^- ^^ ^« = ^ij^^'' i« = Z(2* + a?) + C. 

.If* ^ 2«*£fo 
4. Let au = 



1-z 



Since in general 



rodu - 

y = oZtt. 

tt 



we see that in all cases where the numerator of an expression 
is the product of a constant and the differential of the denomina- 
tor, its integral will he the product of the constant and the Naiperian 
logarithm of the denominator. 



130. If we have an expression of the form 

du = {a + hx + OS? + &c.)"*a?"£Zar, 

in which m is a positive whole number ; the integral may be 
found by raising the qttantity within the parenthesis to the mth 
power, multiplying each term by vl^dx^ and then integrating it as 
in article (128). 
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Examples. 

1. Let du == (a + af)Vdx, or A* = (a" + 2a«* + a?V^ 5 
then 

2. Let dtt = (6 — affx^dx. 

3. Let A* = (6 — c«* )*ar"*d«. 

131. Every expression of the fonn 

cu be integrated, when either m orn is a'positive whole number. 

If n be positive and entire, we may integrate as in the preced- 
ing article. 

If m be positive and entire, n being dther fractional or nega- 
tive, place 

a + hx^=i%^ then x = — - — ^ 

o 



h 



" = t/( V)^^"^' 



which may be integrated as in the preceding article. The value 

of % being then replaced, the integral will be expressed in terms d| 

of X. 
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Examples. 

1. Let du = h!£^{a — xydxJ 

Place a — a? = «, then x=^a — «, dx =^ — dxy 

o D 7 

and finally, by replacing the value of z^ 



2. If dur= 



5 ^ ' 7 



(1 - 3a?)*' 



it may be placed under the form 

du = 2a?(l — 3a?)~'ia? ; whence u = "^ ^/(l — z)z^dz^ 
and finally^ 

tt = ^^(l-3a;)* + ^(l-3a;)*+C. 

3. Let ^t.= -.^. 4. Let cZu = .^^A«i. 

T^ , (Aa;*» + Ba?p + ca;» + dec.,) ^ 

If du = ^^ 7 p-=^^r ^^ dXf 

(ax + Of ' 

we may place it under the form 

, Ax^da? , Bx^dx . . 

O'U =K -; : — r-r- -f- — — 1«- OCC. 

(ax + by ^ (oo? + by ^ ' 

and may then integrate each fraction as above, if m, p^ q^ d^Cf 
are entire and positive. 
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132. To complete each integral as determined by the preced- 
ing piles* we have added a constant quantity C. If in the par- 
ticular case under consideration, we happen to know what the in- 
tegral must be for a particular value of the variable, this constant 
can be determined. Thus, if 

/X(te = X' + C (1), 

X' representing the function of x obtained at once by the applica- 
tion of the rules for integration ; and we know the integral must 
reduce to N when a; = a, we have 

In general, however, this constant is entirely arbitrary, since 
whatever value be assigned to it, it will disappear by differenti- 
ation, Art. (14). This arbitrary nature of the constant enables 
us to cause the integral to fulfil any reasonable condition. Thus 
if in equation (1), it be required that the integral reduce to the 
particular expression M, when x^a; we may determine the 
value which must be assigned to C, by writing M for fXdx^ and 
substituting a for x in the function X'. Calling the result of this 
substitution A, the equation reduces to 

M = A+C; whence C = M - A, 

and 

fXdx =« X' + M - A (2), 

which will fulfil the required condition. 

If M = 0, C= — A and /Xd«=:X' — A. 

The integral fXdx = X' + C before any particular 

value has been assigned to C, is called a complete^ or indefinite in- 
tegral. 

After a particular value has been assigned to C, as in equation 
23 
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(2), it is called a f articular integral ; and if in this particular in- 
tegral, a particular value be given to a?, the result is called a d^ 
nite integral. We should thus have, when x = b, 

fXdx = B + M — A..; ...(3), 

B representing X',«6. 

That value of thie variable which causes the integral to reduce 
to is called the origin of the integral ; and in every particular 
integral this origin may be determined by placing the integral 
equal to 0, and deducing the value of the variable from the re- 
sulting equation. 

If in (1) we make x = a^ and then a; = 6, we have 
/(Xdr),..= A + C, /(X&!)„ » = B + C, 

whence by subtraction, 

f{Xdx%^, -f(Xdx),^ = B - A. 

This is tJie irUegral taken between the limits a and b, and is usu- 
ally written 

fxdx=B-A, 

the limit corresponding to the subtractive integral being placed 
below. 

If a, b, c ky 2, be several increasing values of a?, and we 

have 

f Xdx=z A', r Xdx = B' !. Cxdx = K' ; 



then evidently 



/ Xdx^n 



A'+B' + C + K'. 
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Example* 

is a complete or indefinite integral. , 

If it be required that this reduce to 4, when « = 1, we have 

4=2-fC, ■ C = 2 

and 

fdx'^dx = 2x^ + 2, the partictdar integral. 

For the integral between the limits x= and a; = 3, 

f(6s^dx),^o = 2. fi^^dx),^^ = 56 ; 

hence 



f. 



6x^dx = 54. 



The origin of the particular integral is obtained by placing 
2xJ + 2 = 0; whence «^ = — 1, «= — 1. 



INTEGRATION OF THE DIFFERENTIALS OF 

CIRCULAR ARCS. 

133. I. In article (42), we have found 

- du 

dx = , , 

in which u = sin x^ the radius of the circle being unity ; then 

du 



/du . .J 

,. = sin 'm + 



C. 
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Expressions of a similar form may be readily integrated by tbe 
aid of an auxiliary variable. 

1. Let dx= _ ^^ (1). 

Make u = a«, then du = adz^ V^* — m* = aVl — 2*. 
Substituting these values in (1), we have 

dx = ■ ^ ^ • X = sin-*z = sin-'- + C. 

y 1 — ar a 

2. Let dy = ^^^ 



V2-ar' 



This may be integrated directly, by placing x = ^2.2, as in 
the last example, or by a simple comparison with it, by 'placing 

V2 for a. Thus 

y = 3 f —^— = ^ sin-'-^ + C. 
^ -v/2 - «" V^ 

2(Za7 



3. Let dy = 



V9-3a;* 

2(ic 



This should first be placed under the form dy = — =r 



-v/3V3—ar« 



U. In article (42), we have also 



^ =s — ■ , = (f cos*"*!! ; 



whence 
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du 



/du , 



+ c. 



In the same way as in case I, if 



da? = 7===:, X = coflT* - + C. 



If ^=-. ^^" 



-v/4 — tt' ' 






-/4 
by placing 4 for a*. 



III. We have also 



dx = . = = d ver-sin 'ii ; 

V2u — u^ 



whence 



J • : = vet^in~'ii + C. 
y 2m — tt* 



1. If dx=. ^^ 



'V/2att — tt* 
place tf = a^:;, then du :=== 0^2;, and 

/ du _ / * <?z _ 
V^au — u^'^J V2;? — 2'"* 



ver-sin""'« 



ver-sin *- + C. 
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2. If 



or = . r, a; = 3 ver-sin~* - + C. 



IV. We have also 



dx=:j-^=dt&ng-'u; 



whence 

du 



/du ^ 



1. If da? = -S-- — ^, 

(T + ir 

make u = a;?, then du = a(2z, and 



/du \ r dz 1 ^ , 1 ^ fW >^ 

2. If dx = r^^ ,,= 3 tt ^^ 

2 + «C 1/2 1^ 

# 

« T i. jf 2da? 

3. Let dy 



2 + 3a^* 



If we multiply and divide the fraction ^ , by a", we have 

1 €?du 



^ = :j3 



0^ a'* + tt* ' 
whence 

*= ^/^= ^tang7'« + C..:...Art.(42), 

the radius being a; and in a similar way, all the above expressions 
may be transformed. 
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INTEGRATION OF RATIONAL FRACTIONS. 

134. Every rational fraction which is the differential of a 
function of x, will appear as a particular case of the general 
form, 

(Aa?"* + BaT-^ + CxT-^ + &c.)cfo 
A'a?»+ B'aT-* + C'aT^ + &c. ' 

in which m and n are whole numbers and positive. 

If m be greater than n, the numerator may be divided by the 
denominator, and the division continued until the greatest expo- 
nent of 07 in the remainder is one less than in the denominator ; the 
quotient will then consist of an entire and rational part, plus the 
remainder divided by the denominator, and may be written 

AV + B'jr-» + &c. - -^^ + A'a?" + B'«^' + &c. ' 

and the integral of the primitive fraction will be the sum of the 
integrals of the two parts. 

It wiU be necessary then to explain only the manner of inte- 
grating the second part, or those rational fractions in which the 
greatest exponent of the variable in the numerator is at least one 
less than in the denominator. 

First, suppose the denominator to be divided into its simple 
factors of the first degree, and let them be represented by 
X — Oj a? — 6, x-- Cf &c. There will be four different cases, 
each of which will require a separate discussion. 

1. When the factors are reed and unequal : 

2. When they are real and equal : 

3. When they are imaginary and unequal : 

4. When they are imaginary and equals two and two. 
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135. I. As an example of the first case, let us take the 
fraction 

(ax 4^ c)dx 

The two factors of the denominator are x + 6, and a? — & ; 
then 

(ax + c)dx (ax -f- c)dx 

ar*- bi" (x + b)(x - h) * 

Place ax + c _ A A' , . 

1^^^' ~ 7Tb "^ i^=^ ^ ^' 

A and A' being constants to be determined. For the purpose of 
determining them, clear the equation of its denominators ; then 

ax + c = Ax — A5 + A'o? + A'6. 

By placing the coefficients of the like powers of jt, in the two 
members, equal to each other, we have 

a = A + A' c = A'6-A6; 

. ab — c ., ab + c 

Substituting these values in (1), multiplying by dx^ and pre- 
fixing the signy*, we have 

/(ax + c)dx __ab — c /* dx ab + c f dx 

d^-}^ "■ 26 J X + b "^ W J x^^^ 

The method pursued above indicates the following rule for all 
similar expressions. 
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Place the primUive frtution (omitting the differential of the va- 
riable)^ equal to the sum of as many partial fractions as there are 
factors of the first degree in its denominator ; the numerators of these 
fractions being constants to be determined^ and the denominators the 
several factors of the original denominator; clear the resulting 
' equation of denominators^ equate the coefficients of the like powers 
of the variable in the two members^ and thence determine the con- 
stants ; then multiply each partied fraction by the differential of the 
variable^ and take the sum of their integrals as in case IL, article 
(129). 

2. Integrate the expression 

(3x»-l) 



a;^ — a? 



dx . 



The factors of the denominator are, x + 1, x — 1, and x ; 
then 

ar* - 1 _ A A^ A^' 

3? — X X + 1 X — la?* 

Clearing of denominators, 

Sar* - 1 = A«» — Aa? + A'ar* + A'a? + A"ar* - A" ; 

whence 

3 = A + A' + A", = — A + A', 1 = A'', 

and 

A = 1 = A' = A". 



Then 



dx 



= Z(« + 1) + Z(a — 1) + to = Z(ir' - «) + C, 
24 
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as may be seen at once, since the numerator of the given dif- 
ferential is the exact differential of the denominator. 

3. Integrate the expression 

(1 - y)dy 



Placing the denominator equal to 0, we have 

y* - 2y - 2 = ; 

whence y = 1 =i= 'y/ 3, and the corresponding factors are 

y — {l+V~^\ y — (l—V^, or y — m and y— n. 

Finally, 

rJLzJf)^ = "ILZL? Z(y - m) - !illi Z(j, - «) + C. 
J it — ^y — ^ n — m ^^ ^ n — m ^^ ' 

4. Integrate 



5. Integrate 



(2a? + 3)iar 


«• — ■ a:* — 2x' 


(a?» — l)«fo? 


a:" — 4 



136. II. In the second case it may be remarked, that if all 

the factors of the denominator are equal, the fraction will take 

the form 

(Aa:'^' + Ba;"-2 + <&c.,) 



(a? — a)" 



da?, 



which may be integrated as in article (131). 

We need then only consider the case where a portion of the 
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factors are equal. The rule of the preceding article is not appli- 
cable here, as will be seen by taking the expression 

adx 



(x - bfix — cy 



in which two of the factors are equal io x — h. 

By an application of the rule referred to, we should have 

a A , A' , A" 

+ 7 -r 



{x — b)\x — c) X — b X — b X — c 

A + A' . A" B A" 

X — b a; — c x — b x — c 

since A + A' must be regarded as a single constant. 

If this equation be cleared of denominators, and the coefficients 
of the like powers of x in the two members placed equal to each 
other, we shall evidently form three independent equations, with 
only two unknown quantities, B and A". 

We obviate this difficulty by writing, for the equal factors, the 

B B' 

two fractions ; rrr r > and thus have 

(a? — by X — b 

a B B' A 

+ z i: + 



{x — b)\x — c) " {x — by ^ x — b '^ x — c' 

which, being cleared of denominators, gives 

a=B(x — c)+ B'{x — b)(x — c)+ A(a? — 6)» ; 

whence 

B'+A = 0, B-B'c-B'6-2A6 = 0, B'6c-Bc + AV = a, 

three equations with three unknown quantities, which can then 
be determined. 
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And in general if there be n equal factors, we should write n 
partial fractions of the form 

B B^ B"^ 

(a? — 6)» + {x — b)'^' 7^' 

the numerators of which are constants, and the denominators the 
different powers of the equal factor from the nth down to the first 
power. After B, B^ <kc. are determined, each partial fraction, 
being first multiplied by the differential of the variable, will be 
integrated as in article (129). 

Examples. 
1. Integrate (2 + x)dx 



(a?-l)"(x-.2)' 



Place 



2 + a? B B' , 

3 + Z 7 + 



(a?-l)-^(a? — 2) {x—iy^x-l ' a; — 2 

Clearing of denominators, and equating the coefficients of the 
like powers of a;, we have 

= B' + A, 1 = B - 3B' - 2A, 2 = — 2B + 2B' + A, 

B=-3, B' = — 4, A = 4; 

and finally 



/ 



(^fl|^a)=7:^.-«('-') + «(-") + c. 



2. Integrate xdx 

s^ — o^ X + l' 
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If there are different sets of equal factors, partial fractions 
must be written for each set ; thus, 

2 _ A A^ B B' 

3 — /«. 1 \a 4" «. i 4" /«. , 1 \2 "I" 



(x-i)» (« + !)« ^ (x — iy '^ x—i "^ (x + iy ■^x + 1" 



137. in. We know from the general theory of equations, that 
imaginary roots are found only in pairs, and that for each pair 
we must have a factor of the second degree, of such a value, that 
when placed equal to o, it will give the imaginary roots. Each 
pair of roots will always appear as a particular case of the general 
form 



a? = a=h V^:^^ (1), 

and the corresponding factor of the second degree will he 
x*—2ax + a" + ft" =[a? — (a + V^^)][x-{a- -/ITjs)]^ 

By a comparison of the imaginary factors, in any given case, 
with these general values, we determine the corresponding values 
of a and 6. Thus, if the factor of the second degree be 

a? — 2a? 4- 5, 

we place it equal to o, and find the two roots 

a? = 1± V — 4; 
lirhence, by comparison, a = 1, ^ = 4, 6 = 2. 

Now, in the third case, for each pair of imaginary factors, let 
a partial fraction be written, of the form 

Ma; + N Mx + N 



a;*— 2aa7+a" + y (x - a)» + V * 
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By clearing of denominators, dsc, as in the preceding articles, 
M and N may be determined. We shall have then to integrate 
the expression 

(Ma; + N)<fe 
{x — af^V"* 

For this purpose, make x — a = «, then «r := z -f- a, 

Substituting these, the original expression becomes 

• (MzjJIa + N) 

or by making Ma -f N = P, and dividing the expression into 
two parts, 

tHzdz Tdz 

«» + y "^«» + J»' 

The first part may be integrated as in case 11., Art. (129). 

Thus, 

f-7^ = ^ ^ (^ + ft") = mV^Tb^ = MiV{x--ay+ v- 

The integral of the second part is 

/dz V z 
-^ — -Ta = rr tang-*- Art. (133), case IV., 

or by substituting the values of P and z^ 

r Vdz N + Ma , 1 /a? — a\ 

and finally 
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/ 



(Mx + N)dr , . 



+ N+]^tang-(£j=^) + C (2). 



b ^ b 

Take the particular example 

(x — l)dx 

The factors of the denominator are x and a;* + ^ + 2, the last 
being the product of the two factors corresponding to the imagi- 
nary roots 



2 V 4* 



which compared with (1), give a = — j^, ^' = }» ^ = i V^* 

Place 

a?— 1 _A Ma?4-N 
3^ + ai?+ 2a?"~ a? ar*4-x4-2* 

Clearing of denominators &c., we find, 

^ = -^' ** = l ^^=1 

Substituting these values of M, N, a and &, in formula (2), oh- 

serving that / =/— t: — = — 7:lXf and redu« 

° '^ X '^ 2 X 2 

cing, we have 



-jTr-^'lfwV"- 
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138. IV. In the fourth case, where there are sereral imagina- 
ry factors, equal two and two ; those of each pair multiplied to- 
gether will give the same factor of the second degree, and if there 
be p such equal pairs, the denominator will contain a factor of 
the form 

(«^-2aar + a« + y)^ 

For this, we write p partial fractions; thus 

[{x - ay + b"^ ■*■ [{x —ay + v'y" (x^-ay + V^* 

Clearing of denominators <kc. the values of M, N, M', N', dec. 
may be determined as before, and since the several partial frac- 
tions, after multiplying by dx^ are aU of the same form, we have 
only to explain the mode of integrating any one of them except 
the last, which is to be integrated as in the preceding article. 
Take the first 

(Ma? + N)dx 
[{x-^ay + b'Y' 

and make x — az= z; the fraction then becomes 

(Mz + Ma + N)dz 
(/ + by • 

or placing Ma + N = P, 



Mzdz Vdz 



(s^ + u'Y ^ (^ + bY 

The first part is integrated as in case L, Art. (129). Thus 



/ 



Mzdz __ M(g' + y)- p+>_ M 

(?T6^ ■" (— jp + 1)2 " 2{l - p) (z^ -^ V)'^' ' 
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By means of a formula hereafter to be determined, [Formula 
D, Art. (151)]» we shall find 

then 

after which, substituting the value of z^ we shall obtain the com- 
plete integral of the primitive expression. 



139. By a review of the preceding discussion, it will be seen 
that all differentials which are rational fractions can be integra- 
ted ; provided the factors of the denominator can be discovered ; 
and that the integrals will depend upon one or more of the four 
forms, 



/ dx p p xdx p 



dx 



{x"^ €^y J x'-^- d'' 



INTEGRATION BY PARTS. 

140. In article (19), we have found 

duv = udv + vdu ; ' whence uv =fudv +fvdiiy 
and 

fudv ss£ uv —fvdu (1) ; 

from which we see, that the integral of tidv can be obtained, 

25 
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whenerer we are able to integrate vdu. This method of integra- 
ting udv is called, Integration by parts. 



Examples. 

1. Integrate the expression a^dx'^a^x^. 

This may be divided into the two factorsi or parts, 

x^ and xdx-^a — «*. 



Place 3^—u and xdx^a — a* = dv ; 

then 

^ ^ (« - «*)! 

du = fixaxy v=zfxdxya--3r= — g • 

Substituting these in formula (1), we have 

and finally 

2. Integrate ^^ -^-^ — • 

Place (1 - ar^)^ = u and ^ = ^* » 



then 
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J iT X 



c. 



3. Integrate dx V 1 — a;*. 

Place V 1 — «* = u, and dx =^ dv\ 

we then have by formula (1), 

/ti^diX 
:;;rf3^ (2). 



If we multiply . da? -/ 1 — «* by / g, we 

may write 

fa. VT^?=f-^ - f^^^. (8). 

Adding equations (2) and (3), we have 

, , /• dx 

2fdx Vl -ar' = a?-/l -«^+J r/yZJ^' 

/d« -v/I^r^ = -J VT^^ + -?i^ + c. 

4. Integrate (^r^T)!- 



INTEGRATION OP CERTAIN IRRATIONAL DIFFERENTIALS. 

141. In the preceding articles, rules have been given, hy which 
every rational differential may be integrated^ except the case re 
ferred to in article (139). It may then be taken for granted, 



•m • 
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that, in general, every irrational differential which can be made ra- 
tumal in terms of a new variable^ can also be integrated. Let 

h 
axKdx 



m p 

bx^ + cxl 



be a differential, the irrational parts of which are monomialB. 
Make 

h 
a;=«**^; then a?*=z*^, 

xn = x"^, X 9 = «*"'*, dx = knqT^"^ dz. 

These values substituted in the expression, evidently make it 
rational in terms of z and dz. It may then be integrated, after 
which the value of z in terms of x must be substituted. We may 
then enunciate the following rule for the integration of expres- 
sions of this kind. For the variable^ substitute a new one^ with an 
exponent equtd to the least common multiple of the indices of the 
radicals ; then integrate by the known rtdes^ and substitute m the 
result the value of the new variable in terms of the primitive. 

Examples, 

1. Let du = J dx (1). 

The least common multiple of the denominators or indices be- 
ing 6, we place 

X = z^j then dx = 6z*d2, z = a*. 

Substituting in (1), we have 
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du = ^ Qzd% = --- z*dz — - -=-« 'df^;, 

dz 5 5 



and integrating, 



12 3 18 , 3 J 6 I . n 
40 45 10 15 



2. Let c{tf = — : -• 8. Let du = x — Tir- • 



. „. ^„ --6-c(/« 



2a?* — a?3 



142. If the irrational parts are all of the form (a + hx)^ 
the expression may be made rational in terms of z, by placing 

a + 5a? = 2% 

r being the least common multiple of the indices of the radicals. 
We shall thus have 

«•"— a , . rz'^Hz 

which substituted in the primitive expression, with the value of 
a + &z?, will evidently give a rational result. Take the ex- 
amples ; 

, dx 

1. au = 



(l+a?)i + (l+a?)4 
Placfe 1 + a? = a?* ; then dx = 2zdz^ 2; = (1 + xp. 
These values substituted in (1), give 

2zdz 2dz 



c2tt = 



z^' + z 1 + ^' 
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whence 

dz 



II = 2 fY:r^= 2 tang-*;^ = 2 tang-' (1 +a?)* + C, 



2. Integrate the expression 

xdx 



du = 



(1 ~ x)i -{-{l — x)^ 



148. Differentials of the form 



m 
/ /> J- h.r. \ 

Xdx 



/ a + bx y, 
\ a' + b'x) 



X being a rational function of x, may be made rational by 

placing —J jr- = a;", deducing the values of x 

and (2a;, and substituting them. 

For example, let 

/I . \^ 
c2u 



= Wf^)" <■>. 



Place = z, then a? = -5 , dx = 



These values in (1), give 

^ (»- - l)6^& 

which is rational. 
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144. Every radical of the form Va -{- br zh cix^ can be 
written thus, 



after making - = a, and — = /3. 

To render rational a differential, the only irrational part of 
which is a radical of the above form, it will then only be necessa- 
ry to find rational values for x, dx, and ^a -{- ^x:^ a^, in terms 
of a new variable and its differential. 



I. Take the case in which the sign of x^ is +, and place 

Vol + ^x +0? = z — X (1). 

- Squaring both members, we have 

a + j8a? = s* — 2zx ; 
whence 

X == ^-^ (2). 

By differentiating this value of Xj we obtain 

. 2 (^ + ^z + a)dz 

^= (j8 + 2zf ^^^' 

and by substituting the value of x in the second member of (1), 

Va + ldx+x'^ ^^^^ (4). 

These values of a?, dx^ and Va + j8a? + a?*, substituted in the 
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primitive differential, will evidently give a rational expression in 
z and dz. After integrating this, the value of z, taken from {\\ 
must be substituted. 



1. ' Let du = 



Examples, 
dx dx 



Va +bx + cd^ -/c -/a + /Sa? + aj^ 



Substituting for dx and Va + ^x + ^^ their values as found 
above, and reducing, we have 

, dx 2dz 

du = 



VcVtt + ^x + x'^ Vc (jS + 2z)' 
whence 

u = -^1{P +2z)= -^1[I3 +2{V^i+W+?+x)]+C,..(b), 
yc yc 

dx dx 

2. Let du = 



Vh 



^■"' VJ+-- ■ 



By comparison with the similar expression in the preceding 
example, we see that 

c = -/c, o = ^, ^ "= *• 

Substituting these values in (5), we deduce 

- ^,.,l Vh + cV + cx\ 1,8.1,/ ..,, , ,,„ 
••y c / c c c ' 
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1 2 
and, finally, after uniting the constant — 2 -, with the arbitrary 

c c 



constant, 

dx 



« = /:at^ = ^'^'^^^^^'" "^ "^ "^ 



3. Let , dxV^T+l?' 



Comparing this with formulas (2), (3), and (4), we see that 



o = a, 2 = j8, « = 



2 + 2z • 



^^ (2 + 2^' ^^ + '^'"2 + 2;.' 



(2 + 2z) 
whence 



- {z + 2fdz 



4. Let du = dx'y/'n^ + o?* 



dx 
5. Let du = 



arV^ — aa? 



I 

I I 



145. n. If the sign of a:' be minus, it will be necessary to 
pursue a difierent method, and deduce other formulas; for if 
we write 

Va + /Sa? — a' = « — a?, 
26 
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the second powers of x in the squares of the two members will 
have contrary signs, and not cancel each other, as in the first 
case, and therefore the deduced value of x in terms of z will not 
be rational. 

Denoting the roots of the equation x' — j3« — a = o, by £ and 
d', we have 

«* — jSa? — a = (« — 3)( a: — 3'), 
or, changing the signs. 



Now, if we make 

V(a? - 6) {$' - x) = (a? - S)z (1), 

square both members, and strike out the common factor x — S^ 
we have 

Substituting this value in equation (1), we obtain 
Va + ^x-x'= V{x - 6) (6' - X) = ^•^^^. 



By difierentiating equation (2), we find 

2(» - ^)»& 
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These Yalaes of x^ Va + /8« — a" and dx^ substituted in the 
primitive expression, will make it rational. 



1. Let du = 



Examples. 

dx 

Va + ^x — «* 



By substituting the values of dx and ya+'^x^^l?, we obtain 

2dz 

H = - 2 ^Y";^ = - 2 tang-*« + C, 
and aince from equation (1), 






we have finally 



u= f-, t== - 2 tang-\/^Il^ + C. 

J V a +^a?— aj* Va? — d 

If in this we make )3 = o a = 1, the expression reduces to 

a= ^- 7^^— =C^2tang-\/iEf, 

smce by placing «* — 1 = o, we find 

«==bl or (J= — 1 d'=l. 

If we now introduce the condition that the integral shall be o, 
when a; = 0, we have 



1 
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0= C - 2tanr' ^= ^ " |' ^ = |. 



and 



/dx * « X 1.. /I — a: 

-^===--2tang-Vr+^' 



The direct integral of the first member is sin^^c. Art. (138) ; 
hence 

• -1 * « X I . /l * 

sin ^ = o — 2 tang^' V — 



2. Let <2tf = 



+ x 

— ? — • 



Placing %ui — 0^ = 0^ we deduce a? = 0, and c = 2a ; hence 
d = o and 8' = 2a. Substituting these in the formulas ^c, we 
have 

dxV^ox — a? __ 2^dz 

^ IT?' 

a simple rational fraction. 

xdx 



3. Let du = 



4. Let du =: 
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INTEGRATION OF BINOMIAL DIFFERENTIALS. 

146. 1. If we have a difierential of the form 

of may be taken out of the parenthesis, and for the primitiye ex- 
pression we may write, 

x^^^dx «« (a + ha^y = a?"**" ?"* dx{a + haf^y » 

in which but one of the terms in the parenthesis contains the va- 
riable 07. , 

2. If the exponent of x in this term should be negative, or the 
expression of the form 



sr-^dx{a + hx-^f ; 



we may transform it into 






in which the exponent of x in the parenthesis is positive. 

3. If after this, either or both of the exponents of x should be 
fractional, we can substitute for x another variable, with an ex- 
ponent equal to the least common multiple of the denominators of 
the given exponents, and thus get rid of the fractions, as in the 
example 

x^dx{a + bx^)9 ; 
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by making x = 2', we obtain 

x^dx(a + hx^)T = 6x'dz{a+ 6«*)«, 

in which the exponents of x are whole numbers. Hence every 
Innomidl differential can be placed under the form 

af^^dx(a + 6a?")? , 
in which m and n are whole numbers and n positive. 



147. 1. The binomial differential being placed under the pro- 
posed form ; if - is entire and positive, it may be integrated as in 

article (130) ; if — is entire and negative, we have 

x'^^dx(a + fee") r= , 

(a + 6aj")7 

which is a rational fraction. 



2. If ~ is a fraction, either positive or negative, place 

a+ haf = sfl; 
then 

(a + bx^y^= z^ (1), a?" = ^1^, 
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The values (1) and (2), substituted in the primitiYe expression . 
give 

«-»«&(« +*«-#= J 2^'dz i^^y ' (3), 

tn 
which is rational in terms of z and dzj when -^is a whole number, 

n 



Example. 
Let 

du = a^dx{a — 6a?*)*, 
in which 



m — 1 = 3, 11 = 2, — = 2, jp = 3, 5^=2, 6 = — 6. 



These values in equation (3), give 



_ b^\i = z*dz ^^ - ") 



^d.(a - 6,?)» = z^dz v-^ 



» > 



in which 

z^ =: a — ba^. 



3. If — is not a whole number, we may write 



sr'^dx{a + 6a;")» = x'^'dxlixT (-^ + 6)]' 



,«p " 



= ar^''^dx{ax-" + b)n, 
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and in accordance with the preceding principle this will be ra- 
tional if 



^ ^ — I h - I is a wJude number, 

— n \n qf 

To obtain the proper rational expression in terms of x^ we need 
only make in equation (3), 

m = ffi "i • n=— 11% a ^ Om o = €i» 

Thus 



m p 



Example. 
Let 

du = xdx(a + h^y 
in which 

TO — 1 = 1, 11= 3, 1>=1, 3^ = 3, ^ + ~ =1. 
These values in equation (4) give 

in which :^ = oc"^ + b. 

From what precedes, we see that every binomial difierential of 
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the proposed form can be integrated ; if the exponent of the pa- 
renihesis is a whole number ; if the exponent of the variable without 
the parenthesis plus unity, divided by the exponent of the variable 
within, is a whole number ; or if this quotient, plus the exponent of 
the parenthesis, is a whole number. 



149^ Let xm now write p for -, and then divide the expres- 



sion 



/ 



into ihe tiwj^niaK^,^,^^ 

T-^ u : and / aT-^dd/f + bx^^f = dv ; 

whence i L-^' ^^^ N ^^' • 



\ 



I V - ^ J 



\ 



Skibstnuting these/values in the^^prnqul 

fudv «: in? — ffdu jiC'Art. 



i(?4a^:...Art.(129). 
^l -(p+ l^b ^ ' 



(140), 



and making k« + M) = X, ire have. - 



;— 3«rX' 



7(p + l^b I {pT'l)nb 



fx'^-^'ixX^' (1). 



kce 



27 



afar^-'dxX" + bfx^'dxW 
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Substituting this value in (1)» and clearing of denominatoi^ 

(P + l)nbfx^'dx\^ = af^X'^' 
- (w - n) [a/x-^-^darX" + hfgr^dxX'} ; 

transposing, dec, we obtain 

•^ b{pn + m) ^^* 

By a single application of this formula we cause 

fx'^^dxX^ to depend upon faf-^dxX^ 

in which the exponent of the variable without the parenthesis is 
diminished by the exponent of the variable within. By an ap[^ 
cation of the same formula to / j:*'~^^(ia?X'', it may be made to 
depend upon y* af*-*^* dxX% and finally, by repeated applicatioiM^ 
fx'^^dxX^ will depend upon the expression 

a{m — m)/J:"*"'^^£^a?X^ 

in which r represents the number of times m will contain it. If 
m is an exact multiple of n, then m — m=^ o^ the term contain- 
ing the expression to be integrated disappears, and the integration 
is complete. 

If pn + m^=: o^ the second member of the formula becomes 
infinite, and it fails to answer the purpose ; but in this case 

p H =0, which, substituted in equation (4) of article 

(147), gives an expression which may at once be integrated. 



1^ 
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149. We may also write 

\ JsT^dxX'' = /(Kr-'dxX^'X = afar''dxX^'+ bfixf^^^'dxX^' . 

If now in formula ^ we change m into m + rif and p into 
p — 1, we have 

•^ 6(|wi + m) 

Substituting this value in the preceding equation, and reducing, 
we obtain 

f^a.X' = »"X- + p«a/4-'ia^X-' 

by which the primitive expression is made to depend upon ano- 
ther, in which the exponent of the parenthesis is one less than 
before. By repeated applications, this exponent may be reduced 
to a fraction less than unity, either positive or negative. 



150. The use of the preceding formulas may be illustrated by 
the example 

fix?dx{a + ba!")^. 

Place a + &c" = X, m = 3, n = 2, p = |, 

then from formula il^ 

3 

Applying formula IS to the expression fdxX^ after 
making in = 1, n = 2, p = f 9 we have 
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-^ 4 

and by another application 

J 2 

Substituting these values, we have finally 

xX^ aa;X* o'X* 



I _ xX^ _ oxX* _ ^X^ a' fdx 

J x'dxX - g^ 2^j jgj jgj J ^^ . 

The expression — r = = may be integrated as in 
Art. (144). 



151. If in the primitive expressions, m and p are negative, the 
effect of the application of formulas ^ and I89 would evidently 
be to increase them numerically. Other formulas are then 
required. 

1. From ^ by transposition and reduction, we find 

/x»— 'dxX" = ^"-"X"^' - Mm + npj/x-'dxX' 
*^ a(m — n) 

If in this we change m into — w + n, we have 
•^ am * 
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by the application of which, — m will be numerically diminished 
by the number of units in n. 

2. From IS, by transposition and reduction, we find 

^ pna 

If in this we change p into — p + 1, we obtain 



Jt-dxK - an{jp-l) 



-H-1 



ID; 



in which, the exponent of X is numerically one less than in the 
primitive expression. 

If p — 1 = 0, the second member becomes infinite, but in 
this case p = I9 and the primitive expression reduces to a ra- 
tional fraction. 



152. Let us illustrate the use of these formulas by the ex- 
ample 

fx-^dx{2 - x^y^. 

Makingin O9 m = I, a = 2, 6 = — 1, n = 2, p = — f , 
we have 

fx-^dx{2 - a?)"* = - ^^^ +/dxX~4 (1). 

By formula ID, after making m = 1, n = 2, a = 2, 5 = — 1, 
V^ h"^^ ^*ve 
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Making the proper substitutions in (1), we obtain finally 

in which X = 2 — x'. 

153. By the aid of formula ID we are now able to integrate 
the expression 

(FT^ = ^'^'^ + *')"' ••Art.(138). 

By making m=l, ar = 2, a = fi', 6 = 1, n = 2, 

/J 
g ,g.p to depend upon the integration of 

another expression in which the exponent is one less, and by re- 
peated applications, we shall find that the integral will depend 
upon the expression 



/?TT« = I *"8'1 + ^- 



154. For the expression 

sifdx 



■■ 



V 2cx — «!* 

we may write 
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to which applying formula il, after making 

»» = <?+!> a = 2c, 5 = ^1, |>=— |, n = l, 

and recollecting that «'"* = «»~* ar*, and x' ' = tx?~^ x"*, we 
obtain 



/ 



V2ca? — a^ 



^ (2y - l)c r_^dx_^_ jji 



By repeated applications of this formula, when ^ is a whole 
number, we make the primitive expression depend upon 



/ 



"^ = ver-sin-' - + C Art. (138). 



^2cx — «* ^ 



INTEGRATION BY SERIES. 

155. If it be required to integrate the expression Xdr, X being 
any function of x ; it is often convenient and useful to develope 
X into a series by any of the known methods, generally by the 
binomial formula ; and then, after multiplying by dXj to integrate 
each term separately. This is called integrating by series; since 
we thus obtain a series equal to the integral of the given expres- 
sion, from which, when the series is converging, we can for par- 
ticular values of the variable deduce the approximate value of the 
integral. 

1. Let us take the example 
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1 -\-x ^ 

By the binomial formula, we have 

(1 + x)-' = 1 - ar + aj* — a;* + &c. 
Multiplying by dx, and prefixing the sign/, 
dx 



I =f(^dx — xdx + a^dx — a^dx + &c.) ; 



whence 



/dx ^ t ^ ^\ A _L n 



or since 



/n^=^(i+^), 



l{l-\-x) = x^ ^+ ~ - ^+ &c. + C, 



But when x = o the first member becomes 1(1) = o ; hence 
C = o and 

Z(l +a;) = a;-|V|'-lV&c. Art. (39). 

2. Let c^M = a?*(l — a^)*ia?. 

By the binomial formula we have 

(1 _.»)*= l_^_|L^_&o. 
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Multiplying each term by x^dxj dec. 

whence 

fx^{l - x')^dx = |a?^ — \x^-~ — ^c + C. 



3. Let du = (fdx. 

In article (36), we have found 

a' = 1 + — + — + -^+ dec. ; 
^ 1 ^ 1.2 ^ 1.2.3 ^ ' 



hence 



f<fdx = x + ^ + '^+~-\- &c....,.+ C, 



in which k^^la* If a = e, then A; = Ze = 1, and 

fe^dx = x+^+^+~+&c + C. 



4. Let du = 



Va: — a;^ V^? Vl — -^ 
Make -y^a? = u ; then ria? = 2 Va?du, and 

cZa? _ 2dfu 

which may be readily integrated, and we shall obtain 

28 
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5. Let du = dxV2ax — a^ ; 



6. Let du = ^-/l ~ ^^V . 

Vl— X* 

^ 

Developing -/l - e'V = (1 - c'V) , we have 



Vl - c'V = 1 — ^c'V - i je'V — &c. ; 



bence 



/-g5=/(.-i«-^-j -j^--)(^> 



After the multiplication, each term of the second member will be 

x'^dx 

may be made to depend upon 



— -==r , which by formula J^9 

Vl — X^ 



/dx . , ,^ 

— : = sin~*a? + C 



7. Let du = 



d^ dx 



-y/i^^cx — ^\b — a;) y/^cx — x* ^/h — « * 



1 -4 

Ifwedevelope . = (6 — a?) , and multiply 

V 6 — a? 

by --. , each term will be of the form 



-y/^cx — 3? V^cx — ? 

which may be reduced and integrated as in the preceding 
article. 
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156. By the application of the formula for integration by 
parts, Art. (140), to the expression XeLc, we obtain 

jXdx =z Xx — fxdK (1), 

and then to xdX^ dz;c. 

/^=/-^.=^f-/i^ « 



J 2 dx ^ J d!^ 2 "^.^dj^ J 2. 



xl^ 
3 dt"' 



dz;c. 



Substituting in succession the values above deduced, equation 
(1) will become 

fwy J •my' (*A XT (I A. XT - 

/ \aX = AJX — -y- —-r + -r-o ^ - - — occ, 

^ dx 1.2 dx^ 1.2.3 

a series, expressing the integral of X.dx in terms of X, and its 
differential coefficients ; which has received the name of its dis* 
tinguished discoverer, John Bernouilli. 



157. If in the integral 

• fXdx = f{x) = u, 

we make a? = a? + /i, we have 

{/Xda?),„,+;i =/(« + A) = u' ; 
and by Taylor's formula, 
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, du, . ^u h^ . J. ,-v 



But since 



fXdx = u, Xdx = du^ — = X, 



<&c« 



dx 

^_dX. ^_dFX 

dsf'^dx' da^'^dx'' 

These values substituted in (1) give 

da: 1.2 <fo?^ 1.2.3 
If in this series we make x =: a, h = b — a, and de- 
note by A, A', A", dec, what X, — , -7-^ , &c.. be- 
come under this supposition, it is plain that u will represent 
the value of the integral when x z= a; ti' its value when 
X = a + b — a = b; then u' — u will be the value of the 
integral between the limits a? = a, and x = 6 ; whence 

j^^dx = A(6 - a) + ^ (6 - ay + ^(b - a)" + &c., 

a series from which the approximate value of. a definite integral 
may be obtained. If 6 — a is so ^snMfcU, that the series does 
not converge, or does not converge rapidly enough, then let it be 
divided into n equal parts, so that 

5 — a = na, 

and take the value, first between the limits a and a + a, then be- 
tween a -{- CL and a + 2a, dz;c., and suppose the results to be 
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»«+»'r2+»"i^3+^-'' 



01 






(2). 



&c. ; 



then by article (132) we have 



fxdx=(B+C+D + dz;c.)a + (B' + C + &c.) f- + 



&C.y. 



(3). 



and as ot is arbitrary, the separate series (2) [and of course the 
final series (3)] may be made to converge as rapidly as we please. 



INTEGRATION OP DIFFERENTIALS CONTAINING TRANS- 
CENDENTAL QUANTITIES. 

158. But few of these differentials admit of exact integrals. 
We can, however, by the aid of formulas previously deduced, ob- 
tain, by series, their approximate integrals. 

By the examination of a few expressions, we will endeavour, as 
far as possible, to indicate to the pupil the general method to be 
pursued, and then leave to his ingenuity and industry, its applica- 
tion to the different cases with which he may meet. 



159. Take first the expression 
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XjofdXf 

in which X is an algebraic function of x. If we divide it into the 
two factors X and (fdx, and recollect that 

(fladx = dtf Art. (36) ; 

whence 

(fdx = -J— , and f(fdx = y- ; 

we shall have from the formula for integration by parts 

fX^d.= ^-f^aX (1). 

If now we take the successive differentials of X, and place 
dK = X'^, dX' = X"dx, dX" = X'"dx, &c., 

we obtain 

/ (fdX _ X'(f r (f 
la "{laf J {laf ' 

r^dX^_X^_ r a' 
J W^iJ^f J {la^''' 

These values in equation (1) give 

fXa-d^ = «- ^- - ^ ^^,j "^J (Jar' ^^^* 

If the function X is of such a nature that one of its differential 
coefficients X', X'^, &c. is constant, the differential of this will be 
0, and the corresponding term 
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/■ 



= 0. 



The integral will then be exact. 
The expression a^afdx^ 

admits of an exact integral when n is entire and positive. 

If n be fractional or negative, we write for a* its development, 
Art. (36), and then integrate as in article (155). 



160. Take now the expression 

If we divide it into the two parts 

Xda? = dv^ and {Ix)* = u ; 

whence 

JXdx=zv-\', du^ n(Z«)-»— , 

and then substitute in the formula of Art. (140), we have 

f\{lxYdx = X'(Za?)"- n/X'(Za?)-»— (1). 

By this the integral of the primitive expression is made to de- 
pend upon the integral of another similar one, in which the 
exponent of {Ix) is one less than at first. 

If then n be entire and positive, after repeated applications of 
the formula, the exponent of {Ix) will become o, and the expres- 
sion upon which the integral depends, algebraic. 
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For a particular case, let 

X = a;^ then fsTdx = — —, = X', 

m+ \ 

and this in (1) will give 

/ ^{IxYdx = ^ {Ixf - -^ /«-(Zr)-'d. (a). 

If in this we make in succession 

n=n— .l = n — 2 = n— 3, dec, 
we have 



&C. 



These values in (2) will give a general formula, in which, if n 
be positive and entire, the last term will be 

, n{n— 1)...2.1 ^ ^,. .„ _ , n{n — l)...l a^^ 

(m + 1)" -^ ^ ^ (m + I)'**'* 



We shall therefore have 

The sign of the last term will be plus when n is even, and 
minus when n is odd. 



IirrBOBAL CALCULUS. 225 

If m = 1 and n = 1, we have 



fxlxdx = ^ //a? - -j 



If m = and n = 1, we have 

flxdx = T(Za? — 1) • 

If m = — 1, the second member of (3) becomes infinite. 
In this case the differential becomes 

X 

Making Za? = z, we have — = dz^ and 

X 

/(IxY^^fz^dz = -^^ = ^^~ + C, 

which is true for all values of n, except when n = — !• In this 
case the expression becomes 

dx 
xlx 

dx 
Making te = «, we have — = dz^ and 



/a=/T=''=w+'^' 



161. Take now the expression 

Xdx aiJT^ X. 
29 
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Place Xdx = dv^ and sin"^ x = u^ then 

dx 



f Xdx = t> = X' and du = 



(I-**)* 



Substituting in the formula of Art* (140), we have. 
fXdx sin"* a: = X' sin"* x — / . • 

Thus the integral of the primitive expression is made to de« 

X'dx 
pend upon the integral of the algebraic expression 



Let X = a:", 

then 

fXdx ^fx^'dx = -^^ = X',' 

and we have 

fx^'dx sin * a? = — -— sm ^x -— I • 

-^ n+1 '»+^->'(l-:c*)* 

By the application of formula il or O* when n is entire, 
the last term may be reduced, and then integrated ; except when 
n = — 1, in which case the expression becomes 

xd . , 

— sm~ X , ? 

X 

which can only be integrated by series* 
In the same way, like expressions m^y be found for 
fXdx cos~* X , / Xdx tang"' x , dec* 
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162. By article (41) we have 
d sia nx = ndx COB nx f dcoBnx=^ — ndxaianx; 

hence 

r , . COS IMP ^ , sin fix 

Jdxsmnx=' , jdxcoanx^^ • 

n n 

In the expression 

dx sin'j? , 

we can place for sin^x, its value, — , and then have 

r J ' 9 C dx r CQi^ 2xdx X 1 . « , ^ 
/^8m»a?= i Y ""7 2 = 2--sin2a?+ C; 

and in general the integral of similar expressions containing any 
power of either the sine or cosine of x, can be obtained by first 
substituting the value of the power in terms of the double, triple, 
6lc. arc, as determined in trigonometry. 

The expressions 

dx sin"*ar , dx cos"*a; , 

when m is entire, may also be integrated as follows. Make 

dz 
sinx = z. then x = sin""* « , da? = , ; 

(l-«')i 



whence 

z'^dz 

(1 ^ ^) 



Jdx sm"* a? = I 

•^ (I ^ ^\2 



This expression, by repeated applications of formula il or Oy 
may be made to depend upon 
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/ dz f zdz 

In the expression 

dx tang^o;, 
place tgLDgx = Zf 

then 



which is a rational fraction* 



Examples, 

dx 



Integrate 1. du = dx8in^x, 2. du = 



cos^^ 



3. du = -: — . A* du= dx tang^ x . 

sin a; ^^ 



163. In the general expression 

dx sin*" a; cos" a;, 
we may place 
8ina7 = 2;, then cosa?= (1 — a;*)*, da? = ji 



and finally, 



/da? sin** a? cos"a? =/«"'d«(l —«*)*, 
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which raay be reduced by formulas il^ IB^ (9 and Q)^ and in 
some cases integrated, as in the example 

du =^ dx sin* x cos* x ; whence u = fz^dz{\ — a;*)*. 



INTEGRATION OF DIFFERENTIALS OF THE 

HIGHER ORDERS. 

164. By an application of the rules previously demonstrated, 
we may readily obtain the primitive function, from which differ- 
entials, containing a single variable, and of a higher order than 
the first, have been derived. 

Let there be the differential 

Dividing by da^\ we have 

^1 = /(^)^ » 



d!xr 
and since daf^^ is a constant, this may be written, Art. (24), 



{P =/W'^- 



Integrating both members, we have 

dr-^u 



dx 



r>-l 



:=ff{x)dx=f(x) + C. 



After multiplying both members of this equation by dx^ it may 
be written. 
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^(^)=f(')^ + ^^i 



and integrating as before, 



dx 



»»-a 



= /'(a?) + C« + C'; 



which by another transformation and integration, may be redaced 
one degree lower, and finally after n integrations, we shall obtain 

The above operation may be indicated thus, 

the symbol /" indicating that n successive integrations are re- 
quired. 

Examples. 

1. Let cPii = iu?do?. 

m 

The required operation is indicated thus, 

and may be read, the double integral of aa^da^. 
Let the expression, after dividing by dx^ be written 



dx 
whence by integration 



=**(3='^'^' 



^ = ^ + C. d« = ^dr + Cir. 
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Integrating again, we obtain 



ax^ 



u = — + Ca: + C. 
2. If 

which is called a triple integral. We may write 



g=d(g) = M«; 



whence 



cPu 
and finally as in the last example 

3. Let <Pu = 7-. 4. Let dPu = Vxda?. 

X* 



INTEGRATION OF PARTIAL DIFFERENTIALS. 

165. Hitherto, we have explained the mode of integrating 
only the differentials of functions of a single variable. It yet re- 
mains to extend our rules to the integration of those which con- 
tain more than one variable. 

These differentials are either parfiaZ or totals Art. (49). When 
partial, they belong to one of two classes. 
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I. Those obtained from the primitive function by differentiating 
with reference to one variable only. 

IL Those obtained by differentiating first with reference to one 
variable, and then with reference to another, &;c.y Art. (46). 

166. The differentials of the first class may be expressed gene- 
rally thus, 

in which u is a function of x, y^ z, &;c., and may evidently be ob- 
tained by successive integrations, precisely as in article (164) ; all 
the variables, except the one with reference to which the differen- 
tiation was made, being regarded as constant, and care being taken 
to add, instead of constants, arbitrary functions of those variables 
which are regarded as constant during the integration. 

Exam/ples. 
1, Let dSi = hn^yd^i 

which, after dividing by dx^ may be written 



^{^^^^y^'^ 



whence 



du = -~ dx + Ydxj 



and 



u =pbx'ydc^=^^+ Yx + T, 
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in which Y and Y' are arbitrary functions of y* 
2. Let iPu = c!i?jf:^d^. 



167. The differentials of the second class may be written gen- 
erally thus, 

cf»+»+- -M = /(a:, y, 2, &c. )d!^x ' ^y d^z. :...., 

and the mode of integrating is plainly to integrate firsts m times 
with reference to x^ then n times with reference to y^ and so on 
until all the required integrations are made. 
To illustrate, let 

JSi = 9(a?, y)dxdy, 

which may be written 

"^ = 9(a^. y)dy^ or d^^ = 9(x, y)dy ; 

whence by integration with reference to y^ 

— = /9(a?, y)dy + X, du = dxf(p(x, y)dy + \dx, 

and 

u =fdxf(p{x, y)dy +fXdx + Y, 
or 

u =f\(x, y)dy dx +fXdx + Y, 

there being no necessity of indicating with reference to which 
variable the integration was first made, Art. (47). 

80 
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Exampks. 

1 . Let ^u = (u^ydt^dx. 
This may be written 

Integrating with reference to x^ 

which may now be integrated as in the preceding article. 

2. Let ^u = cuc^dxdydz. 

3. Let d*M = (a? + yfdsfdt/^. 



INTEGRATION OF TOTAL DIFFERENTIALS OF THE 

FIRST ORDER. 

I 

168. If u=f{x,y), 

we have found, Art. (49), 

. du ^ du . 
du := -rr ax 4- -r;- dVi 
dz dy ^^ 

in which, ^ dx and -r- c2j( are the partial differentials of 
/(^9 S^) ; ^^^ ^^9 ^rt. (47), 
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^ ^ or W^\^/ (1). 



dxdy dydx dy dx 

If then an expression of the form 

du — Vdx + Q,dy. (2), 

be the total differential of a function of x and y ; Vdx and Qjiy 
must be the two partial differentials of the function, and by the 
integration of either, we shall obtain the function itself. 

To ascertain, in any given expression of the above form, 
whether 'Pdx and Q4y are such partial differentials, we have sim- 
ply to see if the condition (1), or 

<fP_rfQ 
dy dx ' 

is fulfilled. If so, the given expression is the differential of a 
function of x and y^ and we have 

tt=/Pda? + Y (3), 

Y being a function of y, which is to be determined so as to satisfy 

the condition -^ = Q. 

dy 

To determine this value of Y, let equation (3) be differentiated 

with reference to y. Then 

du _ d/Fdx dY 

dy ^ dy dy ^ 

or representing /Pete by v, 

du __ dv dY _ Q ^ 
dy'^ dy"^ dy" ' 
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whence 



and finally 



«=/Pdr+y(Q-^)dy. 



Examples. 

1. Let 

du = (2axy — Zbx^y)dx + (oa:* — ba?)dyf 

which compared with equation (2), gives 

P = 2aay — 86a;^y, Q = aa?— 6x^, 

-— = 2ax — Sftrc* = -1— • 
dy dx 

This condition being fulfilled, we then have 

u =f{2axy — dbit^y)dx = <M:*y — %«' + Y. 

To determine Y, we have 

V =fTdx = (u^y — iy«^, 
and 



-— = oa;' — 6a;3 ; whence Q — -— = o, Y = C, 
dy dy 
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If ^ = y + (2y-p)^3^, 

u^f^^t + Y. 

J y y 



Since » =fTdx = -, we have 

dv X 



hence 



^=f(^- %yy =-f^y^y = »• + ^ . 



and 



u = - + s^ + C. 

y 



3. If du^y^J^, u = tang-?+C 

d^ + f *= 3^ 

4. Let du = (6a;y — }f)dx + (3a? — 2xy)dy . 



169. If a function of two variables is homogeneous with refer- 
ence to them, its differential will also be homogeneous ; and such 
a relation will exist between the function and its partial differen- 
tial coefficientsy as will enable us at once to obtain the function, 
when the differential is given. 

To explain this relation, let 

V=/(a;,y), 
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and m denote the sum of the exponents of x and y in each 
term. For x and y substitute tx and ty respectively, the primi- 
tive function then becomes <"*¥• 

In this expression, for t put (1 + s); then 

Under these suppositions, x and y^ in the primitive function, 
have become, respectively, x + sx^ and y + sy. 

Developing this new state of the primitive function, as in arti- 
cle (46), we have 



--(t-^^-hm^^^^/"-) 



+ &c. 



= (1 + «rv = V + «v* + 5i^2!-=i^ + &c. 



Equating the coefficients of the first powers of the indetermi- 
nate «, we have 

-7- a? -{"j-y^z mV (1) . 

dx ay 

Hence in the differential 

du = Pdx + Qdy, 

if P and Q are homogeneous of the (m — l)th degree, we sbaU 
have, by comparison with equation (1), 

Pa? + Qy = mu ; u= — . 

m 

For example, let 

du = ixi^dx + at^dx + ^ohfdy + Zaxt/^dy , 
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in which, hi — 1 = 3, m=4, 

whence 

_ Pa? + Qy _ 



u 



= J — ^ = 2ar*5^ + aa^ . 



170. The method of obtaiDiDg the integral of a difiereotial, 
containing several variables, is readily deduced from what pre- 
cedes* Let 

du = Tdx + Qdy + Rdz = df(x,y,z) (1). 

If for a moment we regard 2; as a constant, and then in succes- 
sion y and c, it is plain that we shall have the three expressions 

Fdx + Qjdy , Vdx + Vidz , Q,dy + Rdz (2), 

which, taken separately, are exact differentials of functions of 
two variables, if the primitive expression is an exact differential 
of a function of three, and the reverse. 

But the conditions that these be each an exact differential, are 

^_^Q ^_dR dQ, _^ 

dy dx ^ dz dx * dz dy ' 

hence if we have given an expression of the form 

Fdx + Qdy + Rdz, 

and the conditions (3) are fulfilled, it will be the differential of a 
function of three variables, and we can obtain the function by 
integrating either of the expressions (2), as in Art. (168), taking 
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care to add to the integral a function of that variable which is 
pegarded as constant. Thus denoting the integral of 
P^ -h Q4y by tj, we have 

/ (Fdx -h Q4y + Rd«) = v+ Z (4), 

Z being independent of x and y^ and a function of z alone. 

If now we differentiate equation (4) with reference to z, we 
find 



dz dz ' 



whence 



f=«-|^ Z=/(lt-|U + C. 



and finally 



u =f(Pdx + Qdy + Rdz) = r +/ ^R -. ^\dz + C. 

By a similar course of reasoning, we may deduce the integral 
of the differential of a function of any number. of variables. 



171. In article (168) we have denoted /Pda? by v; whence 

— = P. 

dx 

Differentiating this with reference to the variable y^ we find 



W dP \dy/ 



dy dy dx 
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whence 

dx dy 

Integrating with reference to the variable a?, we have 



dy J dy 



or since (dP)dx = d(Pdx\ 

dfFdx _ r d{Vdx ) 
dy "J dy 

By which we see that we may differevtiaie with reference to 
another variahley the indicated integral of a partial differentud^ by 
simply differentiating the quantity under the sign. 



INTEGRATION OF DIFFERENTIAL EQUATIONS. 

1T2. These equations when of the first order, and when de- 
rived from equations containing but two variables, will appear as 
particular cases of the general form 

Fdx + Qdy = o, 

and may of course be integrated as in article (168), when 

dP_dQ 
dy dx^ 

31 
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and give 

f(Pdx + Qdy) = C. 

In practice, however, it will in general be found, that in con- 
sequence of the disappearance of a factor, common to both terms 
of the differential equation, or when the differential equation has 
been obtained by the elimination of a constant between the prim- 
itive and its immediate differential equation. Art. (56), this condi- 
tion is not fulfilled ; hence other means of obtaining the integral 
must be sought for. 

In the first place, it is evident that, if by any transformation 
the equation can be placed under the form 

Xdx + Ydy = o, 

X being a function of x and Y of ^, the integral can be found by 
taking the sum of the integrals of the two terms ; thus 

fXdx +fYdy = C. 



173. Among the most simple forms with which we meet, are 
!• Ydx + Xdy = o, 

XL XYdx + X'Y'dy = o. 

The variables may be separated, in I. by dividing by YX, and 
in 11. by dividing by YX'. The results 



dx dy 
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and 

are under the proposed form. In general, if the value of —^ de* 

dx 

duced from the equation, be under the form 

dy __ 



d.-^^' 



we have 



= \dx ; whence / -~ =fXdx, 



Examples. 
!• Let ydx — xdy = o. 

Dividing by yxy we have 

dx dy , , ^ 

X y ' y » 

or making C = ZC, we have 



Z?=ZC', -=C' a?=:C'y. 



2. Let a?y*d]r -^-dy = o. 

Dividing by y*» 
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integrating, and reducing 

a;*y — 2 = 2Cy. 
3. Let (1 — xYydx — (1 + y)a^dy = o ; 



whence 



(1 - a?)' l+y . 



and 



2lx + X — ly — y = €• 

X 

4. Let (1 + ix^)dy — V ydx =1: o. 

5. Let a^'^ycZa? — (3y + 1) V «^^y = o. 

174. IIL In all cases where the equation is homogeneous with 
reference to the variables, they can be separated, and the equation 
placed under the proposed form. 

Suppose the general form of the given differential to be 

AxTy^dx + Ba^f/'dy = o, 

in which n + tn=ih + k=zg, 

' Make y = zx^ and substitute ; we thus obtain 

Ax^z'^dx + Bx^T^dy = o ; 

dividing by a:', and putting for dy its value, zdx + xdz ; ^ 
have 
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Az*^dx + Bz\zdx + xdz) = o ; 
diyiding by ( A«*" + B«*+*)a;, we have 

dx , 'RTfdz ___ 

which is under the proposed form. 

Examples. 

1, Let a^dy — t/^dx — xydx = o. 

Make j^ = zx, then £?j^ = z(2a; + xdz. 

Substituting in the given equation, we have 

a^zdx + x^dz — 7?^dx — Q?zdx = o ; 
reducing and integrating, 

xdz — :?dx = 0, 2a7 = C. 

z 

Putting for z its value, we have finally 



lx = -(C+-). 

y 

2. If t±JLAy^y^_^ 7^=£_;y^+C, 



S. Let a?dy — ydx = da: v? + y^« 
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175. IV. The equation 

(a +hx + cy)dx + {a! +Vx + e'y)dy = o, 

may be so transformed, that the variables can be separated and the 
integral found. For this purpose let us make 

whence 

dx ^= dtj dy = du. 

These values in the primitive equation, give 

(a+U+c6' + ht + cu)dt + (a' + b'd + c'$' + b't + c^u)du = o. 

By placing 

a +bd + c$'z=: o, a' + b'$ + c'b' = o, 

we can determine proper values for the arbitrary quantities 6 and 
6', and our equation reduces to 

{ht + cu)dt + {h't + c'u)du = o ; 

which being homogeneous with reference to t and u may be treated 
as in the preceding article. 

This transformation is always possible, save when the values of 
$ and 6' become infinite, which will be the case only when 

be' — cb' = 0; 
whence 
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ch' h' 

c' = -r- ; ft'a: + dy = r- 0>x + cy ). 

6 h 



The primitive equation thus becomes 

adx + fl'rfy + {hx + cy) {dx + -r- dy) = o, 



in which the variables may be separated by making 
^ bx + Cy ^ Zt 

Substituting this, and the resulting value of dy^ the equation re- 
duces to 

, (a'b + h'z)dz _ 

"^ abc-a'ly' + ibc- hh')z ~ ^' 

If hc — hh' = o, 

we have at once the integral 

2a'hz + ft-^« _ 
* ^ 2(a5c - a'6^) "" ^' 

in which the value of z is to be substituted. 



176. v. In the equation 



dy + Vydx = ddx (1)/ 



* Note. — Equations of this kind being of the first degree with reference 
to y and dy^ are sometimes improperly called linear equations. 
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P and Q being functions of «, the variables may be readily sepa- 
rated by making 

y = «X (2), 

X being a function of «, for which a proper value is to be deter- 
mined. By differentiating equation (2), we have 

dy = zdK + lidz j 

and by substitution in (1), 

zdK + X(dx + Fzdx) = Qjdx (8). 

Suppose X to have such a value that 

zdK=^Q4x (4); 

equation (3) then becomes 

X{dz + Fzdx)=zo; 
whence 

— =— Pcia?; lz=-fFdXf 

or taking the numbers 

z-=e-^^. 
From equation (4), we have 



dK=: ^=^Qja^^^dx; 



whence 
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These values of z and X, in equation (2), give 

y = e-^^{fQjR^^dx + C) . 



177. Equations of the form 

atf^sxfdx + hci^dx + caif'dy = o , 
may sometimes be rendered homogeneous by making 

k being a constant to be determined. From this, we have 

dy = kz^^dz , y'" = z**" . 

These values in the primitive equation give 

as^afdx + hofdx -\- chxi'Tl^^dz = o , 

which will be homogeneous, if 

km + n = p ^= q +k — 1 , 
that is, when 



m 



178. It has been remarked, article (172), that differential 
equations sometimes fail to fulfil the condition of integrability, in 
consequence of the disappearance of a common factor. When- 
ever this factor can be discovered, by trial or otherwise, the inte- 
gral can at once be found, as in article (168). 

32 
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Let 

Fdx + Q4y = 

be a difTerential equation, in which the condition is not fulfilled, 
and suppose that 

is the factor by the disappearance of which the given equation 
has resulted. The immediate differential equation will then be 

Fzdx + Qzdy= o, 

from which we have the condition 

dFz _ rfQg 

dy '~ dx * 

or performing the differentiation 

zdP , Fdz zdQ , Qdz 

+ -ITT" = •-^— + 



dy dy dx dx ^ 



or 



/^dz ndz\./dP dQ\ ,. 

This equation expresses a relation between^s, x, and y, but its 
solution in the general case is so difficult, that nothing will be 
gained by attempting it. 

In the particular case, however, where a; is a function of x only, 
its value can be determined, as we shall then have 



dz 
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and equation (1) will reduce to 






or 

dz 1 id:? dOl' 



2 Q,\dy dx) 



But by hypothesis 2; is a function of x, therefore 



^(f-^)=><')=-^ 



then 



n 'f^-- 



whence 

Iz z=fXdx^ z = e-^ 

Let this be illustrated by the example 

dx + 2xydy + 2i^dx = , 

in which 

P = 1 + 2y» Q = 2:ry ; 

whence 
and 
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X being the common factor, the immediate differential equaticm 
must be 

xdx + 2g^ydy + 2xj^dx = o , 
which can be integrated as in article (168). 

In a similar way, if x =f(y)y its value may be determined. 



179. Differential equations of the first order, containing the 
higher powers of dy, may arise, as in the last case of article (56), 
from the elimination of the higher powers of a constant. Such 
equations, after division by dx^^ may be put under the form 

(!)•+ "■(!)" •""=»■ <•)• 

The determination of the primitive equation will then depend 
upon the solution of equation (1), or upon the division of the first 
member into its factors of the first degree. There are n such 
factors, and it is plain that each, when placed equal to zero and 
integrated, will give an equation between y and x which may be 
regarded as a primitive equation. 

dv 
If, then, the values of -~ be denoted by V, V, V", dec., 

equation (1) may be written 

(S-^)(i-^)(l-^"h-=- 

which may be satisfied by placing 

|-V = «, |-V. = .^*C « 
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and if the integrals of these equations be denoted by P» P', P", 
&c., respectively, we shall have 

PFF'&c. = (3), 

for the most general primitive equation, particular cases of which 
may be obtained by placing P = o, P' = o, or the pro- 
duct of any of these factors taken two and two, or three and 
three, &c. 

It would appear, since a constant is to be added in the integra- 
tion of each of the equations (2), that (3) ought to contain n ar- 
bitrary constants; but equation (1) can only be deduced from its 
primitive equation by the elimination of the nth power of a con- 

dy 
stant : [Or by raising (-p — V) to the wth power, in which case 

the primitive equation must be y =/ Vc2a;]. It is plain then that 
the constants added ought to be equal, or that the same should be 
added in each integration. 

The n differential equations of the first degree which are factors 
of (1) are readily accounted for, by supposing the primitive equa- 
tion to be solved with reference to C, which will have n values, 
each of which differentiated will give one of the equations re- 
ferred to. 

As there will be difficulty in the solution of equation (1), when 
the degree is higher than the second, it will be well to discuss 
some particular cases which admit of integration by other 
means. 



180. I. If the proposed equation does not contain y, and it be 
easier to solve it with reference to x than with reference to 

—-, which we will denote by p, we can then obtain 

*=yi» (!)• 
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But 

dy=2pdx9 

and by parts, article (140), 

y = px ^f.dp = px-'ff(p)dp + C ; 

whence, if f(p) dp can be iDteg:ated, p may be eliminated by 
the aid of equation (1), and the primitive between x^y and C, 
deduced. 

II. If the proposed differential does not contain x, and may be 
solved with reference to y^ we shall have 

y=f(p) (3), 

dy = df{p) or pdx = df{p) ; 



whence 



p J p 



P 

Combining this with equation (3), and eliminating p, a primi- 
tive equation will result between x, y and C. 

III. When both variables enter, but y enters only to the first 
power, we may take its value in terms of p and x^ differentiate it, 
and thus obtain 

dy = Rdx + Sdp ; 

or, since dy = pdx^ 

(R — p)dx + Sdp = 0. 

If this equation can be integrated, the result may be combined 
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255 



with the proposed equation, p elimiDated, and a primitive equation 
balween y and x determined. 

Suppose the deduced value of 5^ to be 

y=pa; + P (4), 

in which P =sf(p). By differentiation, we obtain 

dy = pdx + xdp + -j-dp ; 



or 



which may be satisfied by making 

a;4--T- =0 (5), or dp = (6), 

Equation (6) gives p = C ; « 

whence by substitution in (4), 

y=^Cx + C, 

C being what P becomes when p = C. 

Equation (5) expresses a relation between x and p, and if it 
be combined with (4), and p eliminated, an equation between 
X and y will result, which will contain no arbitrary constant. 

Let there be for a particular example 

ydx — xdy = nVda^ + dt/^ ; 
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whence 

y=px+ nVl +f (7), 

npdp 



dy = jxfe + xdp + 



vT+p' 



dpL +— r^- ) = o; 



whence 



X H — --^ — =0, dp = o or p=C. 

vr+7 

This value of p in (7) gives 

y = Cx + nVl H- C. 
From the other factor we have 



• X 
''^ -/IT 



which in (7), gives 

y^ + a^ = n\ 

a result containing no arbitrary constant, which will be further 
explained in the following article. 
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SINGULAR SOLUTIONS. 

181. It has been seen, that many differential equations of the 
first order result from the elimination of a constant, from the 
primitive equation and its immediate differential. Thus, let 

/(x,y,C) = o (1), 

be the primitive equation containing the variables x and 5^, and 
the constant C, 

?dx + Q,dy=o (2) 

its immediate differential equation, and 

F'dx + Q'dy = o (3), 

the result obtained by the elimination of C from (1) and (2). It 
may now be asked ; may not such a function of x and y be substi- 
tuted for C, that the result of thd combination of equation (1) 
under this supposition, and its immediate differential, shall be the 
same as before ? To answer this, let equation (1) be differentia- 
ted, Xj y and C being regarded as variables, we thus obtain 

Fdx + Qdy + C'dC = (4). 

Now if CdC = 0, it is plain that equation (4) will be the same 
as equation (2), and the result of the elimination of C between it 
and (1), will then be the same as equation (3). 

If then for C in equation (1), we substitute the variable value 
deduced from the equation 

C'dC = 0, 
33 
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that equation will contain no arbitrary constant, and yet will be 
as much a primitive equation, as any one containing the arbitrary 
constant. 

Such results are termed singular tohuionsy inasmuch as they 
can not possibly be obtained from the complete integral, Art. 
(132), by assigning to the arbitrary constant a particular value ; 
the latter results being called particular integrals. 

The equation C'cfC = o can be satisfied, by making 

cf C = or C = 0. 

llie first gives C = a constant, the particular values of which 
when substituted in equation (1) give particular integrals. 

The values of C deduced from C = o, if variable, will then 
give the only singular solutions. 

To illustrate, let us resume the complete integral of equation 
(7), in the preceding article, 

y = Cx + nVl + C' (5). 

Differentiating with reference to C, we have 

nCdC 



= xdC + 



VTTc'' 



whence 



= X + / : = (6), 



and 



ar*4-a:«C« = ll«C^ 
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X 

C= - 



the negative value of C being plainly the only one which will 
satisfy equation (6). Its substitution in (5), gives 



= - ^ 4. „ . / ri' 



y = Vn*— £^ or y* + ic* = n^ 
the singular solution found in the preceding article. 



/ 

\,4m /integration op differential equations op 

the second order. 

182. Of these equations, which in their most general form 

S^y dy 
contain -7^, ^, y, x, and constants, we shall only discuss 

those particular cases which admit of integration. 



cPy 
I. The proposed equation may contain only -~ , a?, and con- 
stants ; in which case, solving it with reference to -7^, we have 

which may be integrated as in article (164). 



183. II. It may contain only -j^ , y, and constants. Solv- 

dxr 

ing the equation as before, we obtain 
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Multiplying by 2dy, 



^p=2Ydy, 
ax ax 



and integrating, 



^ = /2Ydy + C, or |= Vi/Ydy + d 



whence 

dy r dy 



dx = 



V2fYdy + C • J y/2fYdy + C 



•7 V2 rYdv + C 



1. If dl'dfy + yd^^o, 

^y __ y 2<iy c?y __ 2 j^cf y 

cte^ ~ a* dx dx a* ' 






which may be integrated as in article (145). 



2. Let d^y^ay z=z do? . 
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184. III. The equation may contain only -r-^, -p, and 
constants, being expressed generally thus, 

"(S-i)"- ■<■)• 

Make -^ = p ; then j3 = ^ » ^^^ (^) becomes 

which is of the first order with reference to dp, and may be 
solved with reference to dx ; whence 

dx = ¥'{p)dp (2), X =fF'{p)dp + C (3). 

Multiplying (2) by p, we have 
pdx=dy = pF'{p)dp ; y = fpF'{p)dp + C' (4). 

Eliminating p from (3) and (4), we have the primitive equation 
between Xy y and the two arbitrary constants C and C'. 

For an example, let 



whence 





or '■ . ' = a ; 
dp 


d.= '^%. 


pdx — dy — — . 

(1 +!>')* 



Integrating the last two expressions, we have 
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yi+F yi+p 

and eUminating p, 

as was to be expected, since the proposed equation expresses a 
constant radius of curvature. 



185. IV. If the given equation does not contain y, it may be 
expressed 

p(g.|,.) = o, o, f(|. „.) = «. 

which is of the first order with reference to dfg* Its integral will 
give an equation of the form 

/(p,a?)= 0, 

in which, p being replaced by ■— , and the result integrated, we 
shall have 

/(y, x) = 0, 

with two arbitrary constants. 
For an example, let 

do^ dx X ' 



or 



d/p p dp dx 

dx "^ X* p "~ a? ' 
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Ip =zlx + C , p = C'x , 



^ = C'x, and y = ^ +C". 

dx ^ ^2 



186. V. If the given equation does not contain x^ it may be 
expressed 

^A dy 



Kg. !■»)=» «• 



Since dy = pdx , 



dy d^y dp pdp 

p ' doc^ dx dy 



and equation (1) may be written 

I 

which is of the first order with reference to dp and dy. Its inte- 
/ gral will then be expressed 

F'(p,y)=o, or F'(^, y) = o, 

and this may be treated as in case II., Art. (180). 



187. VI. If the equation be of the form, 
Make y = c-'""'^ (2) ; 



.-'. 



r 
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then 






=•'-(•'+£)• 



These values in (1) give, (since the conamon factor c^"** 
disappears,) 

which is of the first order with reference to dxL. After integra. 
tion, the value of u being determined and substituted in (2), will 
give the required primitive. 



INTEGRATION OF DIFFERENTIAL EQUATIONS OF HIGHER 

ORDERS THAN THE SECOND. 

188. Of these, it will also be sufficient for our purpose to dis- 
cuss a few of the most simple cases. 



I. Suppose the equation to contain only ^ , -y-j^ i a*id con- 
stants, it may then be expressed. 



(dry d»-y\ _ ^ ... 



Make 



dr-^y ., dry du 

^=»; then J: = ^' 
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These values in (1) give 



€•")=«• 



which is of the first order, and its integral will give u in terms 
of a?, or 

« = x + c, ^ = x + c, 

and finally, 



189. II. Suppose the equation expressed thus, 






Make 



dr-^y ^, d^'y d^u 

^^=u, then 5pr=^. 



and equation (1) will become 



JcPu \ 



which may be integrated as in article (183), and the value of 
u = J\x) determined ; we shall then have 

^, =/(*) and y=f'-J{x)d^\ 

34 
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190. III. Suppose the equation to be of the form 

d^y + \d^ydx + l^dyd^ + Dydx^ = o (1). 

Make 

y = e" (2), 

u being an arbitrary function of x ; then 

dy = e^'du d^y = e%^u + dtf) 

d^y = e\d?u + Zdud*u + dij^). 
These values in (1) give 

• cPtt + SdtwPtt + c^M* + A(d»tt + c?ti')ia: 

+ l^dud3^ + jydsjf = (3). 

Since u in equation (2) is arbitrary, let such a value be assigned 
to it, that its differential shall be constant, in which case 

du = mdx^ cPu = o, d^u = o. 

Equation (3), under this supposition, reduces to 

w' + Aw* + Bm + D = (4). 

From this equation we may determine the value of the constant 
m. Denoting the three roots by 
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we have for du the three values 

du = mdXf du = ni'dx^ du = m'^dx ; 

whence 

tt = ma? + C, ti = m'a? + C, m =m"x + C", 

and 

or calling 

6^ = C, e^' = C, e^" = C", 

y = Ce% y = C'e*"", y = C"e*""'. 

But since these values of y each contain but one arbitrary con- 
stant, they must be particular cases of the general value of y^ 
which must be of such a form that either of the above particular 
values can be deduced from it ; that is, 

y = Cc"** + C'e"*" + C"e*""', 

from which the first particular value is deduced by making C and 
Q" = ; and in a similar way, the others. 

If two of the roots m, m', m", are equal, that is, if m = m', we 
should have the equation 

y = (C + COe"" + C'e"*"' = Ce"" + C"c*^", 
containing but tvx) arbitrary constants, C + C being denoted 
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by C. It is Dot then general. But in this case, y = Ce^ be- 
ing a particular value, 

y=C'xe'^ (5) 

will be another ; for, differentiating it, we have 

dy = C'c"^ (1 + mx)dx, 

e^y = C'e"^(2m + n^x)d3?, 

d^y = C'e^{Sm^ + m^x)dsi?, 



and these substituted in equation (1), give 

(m^ + Am" + Bm + D)x + (3m^ + 2Am + B) = o (6). 

But the coefficient of x is the same as the first member of equa- 
tion (4), which has two roots equal to m ; and 3m* + 2Aot + B 
is its first derived polynomial, which, when placed equal to o, must 
have one root equal to m (see Algebra) ; hence both terms of (6) 
are o, and y = C'xe"^ satisfies the given differential equation, and 
must therefore be a particular value of the general one, 

y = Ce"^ + axe"^ + C"e"»"*. 



If 


m — m' -^ m'\ 


it may be si 


that 




y = C'Ve"" 



is a particular value ; whence the general value must be 

y = e""(C -f C'x + C"x*). 
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Two of the roots may be imagiDary, but as the discussion in 
this case is quite complicated, and of little value to the student, 
we omit it. 

To illustrate the above, let 

d^y + 2d^ydx — dydx^ — 2yd!^ = o. 

Comparing this with equation (1), we have 

A=2 B = — 1 D=-2; 
and equation (4) becomes 

m^ + 2w? — m — 2 = ; 
whence 

m = — 2, 1, and — 1, 

and the general value of j^ is 

y = Ce-^ + C'e* + C'e". 



191. It is plain that the preceding principles can readily be ex- 
tended to the general equation 

dry + kdr-^ydx + "RdT^ydo? + Uydx"" = o, 

and that the general value of y will be 

y = Ce"^ + C'e"*" + C"e"*"' + &c 
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19^. If the equation be 

d^y + Xdl'ydx + \'dyd£ + \"yd^ = o (1), 

in which X, d^c. are functions of x^ the difficulty of integration is 
much increased. If, however, we know three particular values of 
y, Cy'y C'y'\ C"y"'j each of which will satisfy the given 
equation, then the general value of y will equal their sum, that is 

3/ = cy + cy + Q'Y' (2). 

To verify this, let equation (2) be differentiated three times and 
the proper values substituted in (1), we shall thus obtain 

C{6^y' + XfPy'dx + X'dy'dx" + X"y'dx^) 
+ C'(c?y' + Xdl'fdx + X'dy"dx' + Xyda^) V = o, 
+ C"(^y'" + Xd^y"'dx + X'dy^'dx^ + X"y'"d^) J * 

which is satisfied, since each of the three terms is by hypothesis 
equal to o. 



193. The above demonstration can be generalized, and a simi- 
lar result obtained for the equation 

dry + Xd'^^ydx + yX'^-'^dx'' = o. 

This, and the equations discussed in the three preceding articles, 
belong to the class termed linear. See note to article (176). 
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INTEGRATION OF PARTIAL DIFFERENTIAL EaUATIONS 

OF THE FIRST ORDER. 

194. A partial differeDtial equation of the first order, derived 

from an equation between the three variables z, y and x^ z being 

regarded as a function of x and y^ contains in its most general 

form, the three variables, the two partial differential coefficients, 

dz dz 

•-r- and ^, and constants. Without attempting to discuss the 

most general, we will- confine ourselves to a few of the most sim- 
ple cases. 



I. If the equation contains but one partial differential coeffi- 
cient, and the two independent variables, that is, if 

dz ^ 
ax 

P being a function of x and y ; we integrate at once as in article 
(166). For example, if 

dz X 



195. II. Let the equation be 

dz 



dx~^' 



R being a function of the three variables. Since the partial dif- 
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ferential coefficient has been obtained under the supposition that 
y is constant, the proposed equation may be regarded as a differ- 
entia] equation between z and x^ and may be integrated as in 
article (172), taking care to add an arbitrary function of 5^. 

Examples. 



1. Let * = 2X!E?X. 

dx z 

By the separation of the variables, we have 

- zdz 

xax = — — , 

and by integration 

2. Let dz^l±l^ 

dx 3^4-a;** 



198. III. Let the equation be 

j^dz dz 

M— + N— =0, 
dy dx 

M and N being functions of x and y. 

Solving the equation with reference to 1-, we have 

dy 

dz _^ f^ dz 
dy'~ M dx' 
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But since z is a function of x and y^ 

, dz , dz - 

or by the substitution of the value of -^ • 

dy 

dz,. N,, dz lUdx-'SdyX ,_. 

If S be the factor which will make M(Zx — ^dy integrablcy we 
may write 

S(M{te — Ndy) = dti, 
which in (1), gives 

1 dz 

1 dz 
to satisfy which, it is only necessary that ^^ — = F(m); 

whence 

dz •= F(u)du z = 9(u), 

the form of this function being arbitrary. 

Examples. 

Me2a7 — Ndy = a;ia; + ydy, 

• •« 
35 
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which is made integrable by the factor 2, and we have 

«^4-y* = tt, and « = 9(«'+y*)» 
which is the general equation of a surface of revolution. 

« Ti. ^25 , dz 

2. If y — , + a? -r- = 0, 

ay ax 

Mdx — "Sdy = ydx — «fy, 
which may be integrated by the aid of the factor -^ ; whence 



-rrtt, and z = g;|-V 



RECTIFICATION OF CURVES. 

197. The operation by which the length of a curve is deter- 
mined, is called its recti/lcation ; and when an expression for the 
length can be found in a finite number of algebraic terms, the 
curve is said to be rectifiable. 

If X and y are the co-ordinates of any point of a curve z, we 
have, article (86), 



dz = Vda^ + dy^y or z ^fy/do^ + (f^, 

which is a general expression for the length of an indefinite por- 
tion of any curve. 

In order then to obtain the length of a particular curve ; we 
differentiate its equation^ and from the resuU deduce the value of dy 
in terms of X and dx^ orofdx in terms of y and dy^ and substitute 
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in the general expression for the differential of an arc. This will 
then contain hut one variable and its differential^ and the integral 
will express the length of an indefinite portion of the curve. 

If the length of a definite portion be required, the integral must 
be taken between the limits, designated by the two values of the 
variable belonging to the extremities of this definite portion, Art. 
(132). 



198. Let these principles be applied to the rectification of the 
parabolas given by the general equation 



y» = pa;"*. 



This can be written 

I m 
yzzzp^x*" = p'o?*" (1). 

By differentiation, we have 

dy = rp'x'^^dx ; 
hence 

z =/ Vdx' + df =fdx(l 4- r'p'^x^)^. 

This admits of an integral, in a finite number of algebraic 
terms, when either ^^, or -(^^-L-^+ij, 

is equal to a positive whole number, Art. (147). 

Denoting these numbers by k and k\ we have 



2r 



-zr^-^' -(27:1-2 + 2)^^^ 
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whence 



2k + I ^ 2kf 

r = — -:; — ; and r = 



2k ' 'Zk' + l 

These values of r in equation (1), give 

Vt+l Sf 



y=:p'x'^, and y = p'a^'^+i (2). 

Whenever the equation is a particular case of either of these 
forms, the parabola represented by it is rectifiable. 

As the second of equations (2) will become of the same form as the 
first, by changing x into y and y into x, they will represent curves 
of the same kind, and all the cases of rectification may therefore 
be deduced by the discussion of either. 

If in the first, we make A; = 1, we have 

y = p'x'^f or y* = p' V, 



which is the equation of a cubic parabola. In this case '' = o 



and 



= fdxil + lp'^x)i = 2^ (1 + Ip"^)* + C. 



If we wish the length from that point whose abscissa is a, to 
that whose abscissa is 6, we take the integral between the limits a 
and b. 

Let us, however, estimate the arc from the vertex, or suppose 
the origin of the integral to be x = o, Art. (132) ; we then have 
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8 8 

whence, denoting this particular integral by z'^ 



z' 



=2^[a + iP''-)^-iL 



for the length of any arc whose abscissa is x. 



199. By differentiating the equation 

y* = 2pr, 
we obtain 

ydy 



2ydy = 2pdXf dx = 



V 



This value in the expression z =/ V<^ + dy^, gives 

=» =fdy\Jl + ^= ^/dy(p' + j/»)*, 
which by formula IS may be reduced to 



yV~f + y^ ^ p r -^ 

Z ^ — ^ -r 1 



2 J Vf 



2p ' 2 J Vp' + f 

But 

It^J^ KV7+7"+ 3/) + C Art. (144) ; 
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hence 

If we estimate the arc from the vertex, where ^ = o, we have 
o = ^lp + C, or C=-|/p, 

and finally» denoting the particular integral by z\ 



which is transcendental. Hence the common parabola is not 
rectifiable. 



200. For the arc of the circle, we have, Art. (86), 

dx 



/ax 
7F^ 



?■ 



which can only be expressed by a series. 

Differentiating the equation of the ellipse, we deduce 

whence 
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- («• - yy 



which can only be expressed by a series. 



. 4 



201. The differential equation of the cycloid, Art. (114), is 
By the substitution of this value of dx^ we obtain 



J:f^lJ+l^=fdy^/^^^ VYrfdyi^r-^ yY^ ; 



2ry — f 



whence, article (129), 



z = — 2 V~2r{2r - 3/)* + C = - 2 V 2r(2r — y) + C. 

If we estimate the arc from the point D, where y = 2r, we 
have 



o = + C, 



or 



C =0, 



and 



2' == DM = - 2 V M2r - i/) (1). 

From the figure we see that 




DF = VDC"x DH = V 2r(2r - y), 



hence 
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DM = ~ 2DF, 

or the are, is tioice the corresponding chord of the generating 
circle. 

If in equation (1) we make y = o, and denote the definite in- 
tegral by »", we have 

z" = DMA = - 4r = - 2DC, 

as in article (118)« 



202. For the rectification of the spirals we take the expreAion 
in article (120), 

dz = V du* + u'dtK 

By differentiating the general equation u = oT, we 
deduce 

du"" = n^a^'^W ; 
whence by substitution, &c.. 



z=fcar''dtVlFTf. 

For the logarithmic spiral, when M = 1, we have 



. , du 

t ^=lu. dt = — , 

u 



z=fduV^=:uV2 + C ; 
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or, estimating the arc from the pde, where u=iOy we have 
or tlie diagonal of the square upon the radius vector. 



QUADRATURE OF CURVES. 

203. The quadrature of a curve is the operation hy which the 
area included within it is determined ; and a curve is quadrable 
when an expression can be found for its area in a finite number 
of algebraic terms. In article (88), we have 

ds = ydxy or s=fydx (1), 

in which s represents the indefinite area included between the 
curve and the axis of X. 

To obtain the value of s for any particular curve, we take the 
value of y in terms of x from the equation of the curve, or the 
value of dx in terms of y and dy from its differential equcUion, 
and stibstitute in the formula s =f ydx ; the result oh^ 

tained hy integration will he the indefinite area. 



204. The value of y taken from the general equation of para- 
bolas, Art. (198), is 

y = pV (1), 

which, in the formula, gives 

36 
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If we estimate the area from the origin, where 
we have 



X = 



C =o; 



whence 



r + 1 r + 1' 



that is, the area of a portion of a parabola, included between the 
curve, the axis of X, and any assumed ordinate, is equal to the 
rectangle of the ordinate and corresponding abscissa, divided 
by r + 1. 

The same result may be obtained otherwise, thus : The value 
of X from (1) is 



J. 

, r 



y 



whence 



dx = 



y dy 



rp 



1 » 



and this, in the formula, gives 



8 









as before. 

For the common parabola, we have r = ^ ; whence 

yx 2 

For the cubic parabola, r = f ; whence 



8' = -xy 



INTEGRAL CALCULUS. 



283 



205. The value of y taken from the equation of the ellipse 
referred to its centre and axes, is 



y = - -/a" — 3^ ; 



hence 



« = - / (o^ - ^)^dx 



By formula IB9 we have 



But 



Jdx{if — x^y^ = f , ^ = sin-^ - + C ; 



whence, finally, 



« = TT-^y o •— a;* + -— sm ' - + C 
2a 2 a 



Taking the area between the limits x=.o 
we have 



for 



and a; = a 



for 




X = a 



ah . . ^ ^ ah ne 
= -r-sm-^ 1 4- C = — - 



2 



+ ^=^2 + C; 



and for the difference, or definite integral, 
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s" = !?^flr = CDB = 7th of the ellipse ; 
4 4 



hence the entire area is weah • 

If = 5, the ellipse becomes a circle of which a is the 
radius ; whence the area of the circle is 

*gc? = ir (radius)* . 

The same result may be obtained by taking the value 

y = V^^ra? — ar* ; 

whence 

s =f dxV'^rx — ^ = area of the circle. 



I 



206. In order to find an expression for the area of a portion of 
the hyperbola, it will be best to take its equation when referred 
to the centre and asymptotes, 

xy= M, 

and, since the asymptotes are oblique to each other, we must use 
the formula deduced in article (88), 

ds = ainu ydx , 

6J being the angle included by the asymptotes. 

M 

The value y= — being substituted in the formula, gives 
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Mdx 
(29 = sin Gi ; whence « = sin wMIa: + C. 



If we call the distance CB = 1, 
and estimate the area from the or- 
dinate AB, for which a? = 1, we 
have 

M = 1 and C = ; 

whence 




s' z= sin u Ix ; 

or since sin cj may be regarded as the modulus of a new system of 
logarithms, we have 

s' = log X ; 

or, ihe area between the curve and asymptote estimated from the or- 
dinaie of the vertex is equal to the logarithm of the abscissa of its 
extreme pointy taken in a system whose modulus is the sine of the 
angle made by the asymptotes. 



207. The value of dx taken from the difierential equation of 
the cycloid, and substituted in the expression s =zfydx^ gives 



s 






which can be reduced by formula IB9 and finally integrated. 

A more simple method, however, is to obtain directly the area 
ALD. If we denote 
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P'M = 2r — y by a;, we shall have 

d ALFM = ds = zdx. 




or 



<Z« = (2r — y)dx = dy V^ry — i^ ; 



whence 



s =fdy V'^ry — t/j. 



But this is evidently the area of a segment of a circle whose 
radius is r, and abscissa y^ Art. (205) ; that is, the area of the 
segment CFH. If we estimate these areas ; the first from AL, 
and the second from the point C, they will both be o, when 
y = ; the arbitrary constant to be added in each case will then 
be 0, and we have 



ALFM = CFH, 



and when y = 2r, 



ALD = CFD = ^. 

2 



But the area of the rectangle 



ALDC = AC X CD = «'r.2r = 2flrr« ; 



hence 



area AMDC = ALDC - ALD = - ntr^, 

4i 



double of which, or the area included between one branch of the 
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cycloid and its base, is equal to three times the area of the genera- 
ting circle. 



208. For the logarithmic curve 



hence 



or 



y = log a? ; 
s =f\ogxdXf 



« = a? log a: — Ma: + C Art. (140). 

If we estimate from the point B, where 
4? = 1, we have 




0=— M + C C = M, 



and 



s' =: X log X — Ma; + M- 



If we take the area included between the curve and axis of Y, 



s = fxdy =fxyi — = Ma? + C, 



or estimating from the line AB, for which a; = 1, 

C = — M ; whence s' = M(a? — 1). 



If X =zO^ we have s" = — M = area Y'ABM'. 



If a; = 2, 



a 



y' = M = area ABMS'. 
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209. The curve given by the equation 

^^^^ to which, as in the figure, the axes of co-ordinates 
^ ^ ^ are as3rmptotes, presents a case worthy of notice. 
By differentiation, we obtain 



whence 



J fT y 



Estimating the area from the line AY, where j^ z= go , we have 



o = ~ + C, C = o, 

00 



and 

2 



*' = -. 



y 

By making y = 1 = MP, we have 

s" =:2=z APM D ; 

that is, the area APMD is finite and equal to twice the square 
APMC, although the curve does not touch the axis of Y at a finite 
distance. 

If we take the area between the limits y =zl and y = o, we 
have 

areaFMPX = --2= qd. 
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210. For the quadrature of spirals, we take 

ds = — Art. (120) , or s — j -^ (1) . 

The value of ti^ taken from the general equation of spirals, Art. 
(121), is tr' r= a¥" . This substituted in formula (1), gives 



=/ 



2 ~ 4n + 2 "^ ' 



Estimating the area from the pole, where t = o when n is 
positive, and <x> when n is negative, we have in both cases 
C = 0, and 



*' = 



4n + 2 



For the spiral of Archimedes, n = 1 and a = — ; whence 



24^' 
If in thb we make < = 2^ , we have 



*"= - 



AT 

3' 



which is the area PMA included within the first spire, or 
that described by one revolution of the 
radius vector. Since PA = 1, it re- 
presents the area of the circle PA ; 
hence 

area PMA = ^ of the circle PA . 

o 

87 
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If < = 2 (2flr) , we have 

• - 24** - 8** 

which is the whole area described by the radius vector daring two 
revolutions. But it is plain that, during the second revolutioDi 
the part PMA will be described a second time ; hence, to obtain 
the area PAM'B, we must subtract that described during the 
first revolution ; we then have 

PAM'B = ^ir -iflr = |ir; 
3 3 3 ' 

and in general it will be seen, that by each revolution of the 
radius vector, the area before described will be increased by the 
area from the pole out to the last spire ; hence, to obtain the area 
from the pole out to the mth spire, from the whole area described 
during m revolutions, take the area described during m — 1 
revolutions, or take the integral between the limits 
i= (m — 1)2^ , and t = m2^, which gives 

{m2nry _ [(m — l )2irp _ m^ — im— 1)» 
24*^ 24^ 3 *• 

The area terminated by the (m + l)th spire is then 

(m + iy — m^ 

3 ""' 



and the difference between the two expressions gives the 
included between the mth and (m + l)th spires, thus 



^ ^ ^-^ ^ <r =:2«w = «i.2c . 
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If m = 1 in this expression, we have the area included be. 
tween the first and second spire equal to 2it ; hence, in genera], 
the area between the mth and m + 1th spires is eqtud to m times 
that included between the first and second. 

If the area PAC be required, AC being a portion of the 

2flr 
second spire corresponding to the arc AD = — 9 we should 

have for the whole area generated when the generating point has 

2* 
arrived at C, since i = 24r H — - , 

n' 



.-til) 

24flr' 



from which, subtracting the area PMA, we have 



24** 24*» «'\ n-'^dn")' 



APC' = 



w if we call AP (which has been regarded as unity) r, 



APC' = 1(1+1+^,)^. 



1 2flr 

If AC = - circumference = -j- , then n' = 4 , and 
4 4 



APO' = ^(l+i+i)^. 



For the hyperbolic spiral n = — 1, and the general value of 
s* be<;pmes 
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which is infinite when f = o • For the integral between the 
limits t=b and < = c , we have 



s» - III _ l\ 



In the logarithmic spiral, when M = 1 , 



< = Ztt eft = — , 

u 



"=y ""2-"=J"2" =T + ^' 



or estimating from the pole where u = and C = ; we have 






that is, 6^aZ one-fourth the square described upon the radius 
vector of the extreme point of the curve. 



AREA OP SURFACES OP REVOLUTION. 

211. In article (89), we have found for the differential of the 

area of a surface of revolution du = 2iryVdiC^ + dj^; whence, 
for the indefinite area, we have 

u =/2iry Vd^^np (1), 
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the axis of X being the axis of revolution^ and V'ds?'+ dt^ the 
difierential of the arc of the generating curve* 

The indefinite area of any particular surface will then be ob- 
tained, by deducing from the equation and differential equation of 
the meridian or generating curve^ the values of y and dy in terms of 
X and dx ; or of dx in terms of y and dy, and substituting in for- 
mula (1). The result of the integration wHl be the area required. 

212. Let the line AC, by its revolution about AB, generate the 
surface of a right cone. The origin of co-ordi- 
nates being at A, the equation of AC is 




y=zax; whence dy = adx, 

and 

u =if2neaxdx -/ a' + 1 = teaaf Va*+ 1 + C. 

Estimating the area from the vertex, where a; = o, we have 
C = o, and 

u' = i^aa? Va*+ 1. 

Making x = AB = ^ we have the area of the cone whose alti- 
tude is A, and the radius of the base BC = 6, 

u" = neaV -y/lT+l, 



or smce a = t » 
h 



2 2 ' 



that is, the circumference of the base into half the side* 
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213. From the equation of the circle, we have 

y = V 2rx — :?, dy = ^ — • 

The surface of the sphere is then 

or 

tf = 2l!T» + C. 

Taking the area between the limits x^o^ and a; = 2r, we 
have 

u" z=z AfKf^ = four great circles* 



'•..//' 



314. From the equation of the ellipse, we have 
whence for the area of the ellipsoid of revolution, 



= 7-^^^f''\/^-'- 



or placing -^Va»-J'= C, and 3^ = R". 



tt=C'/<fc8-v/R'' — a*. 
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But Jdt V R'-* — Q^ = area of a circular segment whose ra. 
dius is R', and abscissa x, Art. (88). Integrating this between 
the limits x = o, and x = CB = a, 
and calling the segment CBFG = D, ^^ — f""*^^ 

we have .^ | j^ 

tt" = CD = ^ area of Ellipsoid. / /^ \ ^ \ 

K a! B 't) 

If a == & in the primitive value of u, 
we shall have 

u =f2itadx = 2irax + C, 

for the surface of the circumscribing sphere. 

Let the area of a paraboloid of revolution be determined. 



214. By the substitution of the value of dx. Art. (201), in the 
general expression for u, we have for the surface generated by the 
revolution of a cycloid about its base, 

u=2t VTrfydy{2r — y)~*, 
which, after reduction by formula il, becomes 

« = 2* V M- 1 yOir - y)* + |r/dy(2r _ y)"*]. 

But 

fdy{2r _ y)-* = _ 2(ar _ y)* + C ; 
whence 

ti = — I * V^ry{2r _ y)* _ H «• -/l^ar _ y)* + C. 
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Taking the area between the limits jr = o» and jr = Sr, we 
have 

82 • 

for one-half the surface. The whole ia^^the area of the gen- 
crating eirele* 



CUBATURB OF SOLIDS OF REVOLUTION. 

215. The operation by which the solid content, or sdidity of a 
solid, is determined^ is called its cubature. 

For the differential of a sdid of revelation we have found, 
Art. (90), 

dv = ir^(2r, or v =:f^f^dx (1) ; 

in which y and x represent the co-ordinates of the curve which 
generates the bounding surface, the axis of X being the axis of 
revolution. 

For the cubature of any particular solid, toe findy from the eqwu 
turn of its meridian or generating curve^ the value of f^ in terms of 
X ; or from the differential equation of the curve^ the value of dx in 
terms of y and dy^ and substitute in the above formula (1) ; <Ae 
result of the integration wiU be an expression for an ind^inite por^ 
turn of the solid. 
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207 



216. Let the rectangle ABCD revolve about AB and generate 
a right cylinder. The origin of co-ordinates being at A, the 
equation of DC will be. 



y = AD = 6, 



then 



B 



Taking this between the limits a; = o, and x = AB = A, we 
have 

v" = leVh = tJie hose into the altUude, 




217. The equation of the ellipse gives 



whence for the ellipsoid of revolution 



V =f*^ («» - ^)dx = ^(«»x - f ) + C. 

Estimating the solidity from the plane through the centre, per- 
pendicular to the transverse axis, we have a; = o, C = o, and 






Making a; = a, we obtain for one half the solid 



'^V 



a 



3 



''"=rfr(«'-3) = 3*J^'^ 



38 
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and for the whole 



3 8 



or, equal to two-thirds of the circumscribing cylinder. 

If the same ellipse revolve about its conjugate axis, we have 

V =fiex^dy =/flr ^(^ — - f)dyy 
which between the limits y = — & and y = 6, gives 



1," =1^0*6 = ^'lea'x 26. 



The latter solid is called the oblate spheroid^ and the former the 
prolate spheroid^ and we have the proportion 



4 4 

the prolate : the oblate : : - mVa : - tdfb : : 6 : a. 



If in either expression a = 6, we have 



4 

— *K€^ = solidity of a sphere. 



Let the origin be now taken at A, when 



and the solidity be determined. 
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Give also the cubature of a sphere directly, by using the equa- 
tion 

^ + a^ = r». 



218. Give also the cubatures of the following solids of revolu- 
tion: 

1. The right cone, v" = base x i of altitude. 

2. The paraboloid, v" = i circumscribing cylinder. 

3. The solid generated by a given portion of the common para- 
bola revolving about the tangent at its vertex, 

v" = } cylinder with same base and altitude. 

4. The solid, the bounding surface of which is generated by 
the curve whose equation is y* = — . 

5. The solid, the bounding surface of which is generated by 
one branch of the cycloid revolving about its base. 



^ / 



APPLICATION OP THE CALCULUS TO SURFACES. 



219. Since the equation of every surface expresses the relation 
between the co-ordinates of its points, it must contain three varia- 
bles, and may be generally written 

u = F{x,y,z) = o (1); 

or since either two of these variables may be assumed at pleasure, 
and the remaining one determined, from the equation, the latter 
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may be regarded &■ a functioD of the oth« two, they being entire- 
ty independent of each other, and the equation of the Burface be 
thuB otherwise expressed. 



In the equation of every anrfiice conaidered, x will be regarded 
as a function of x and y ; and the co-ordinate planes taken at 
right angles to each other. 

The differential equation of a surface may then be obtained, 
either by difierentiating equation (1), as in article (54), or by 
differentiating equation (3), as in article (49). By the latter 
method we obtain 



dz = 



^.^y-^iz^ 



...(3). 



220. Let M be any point of a surjace, a portion of which is re> 
presented in the annexed figure. 
i. The co-ordinates of this point 



E= Kb, y = AC, a = MP. 




Let a plane be passed through 
M parallel to YZ. For erery 
point of this plane 

a: = Aft = «" . 

If, then, in the equation of the 
surface, we make x ^ y, and 
suppose X and y to vary, they 
can only belong to points in 
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the curve dMd*j the intersection of the plane and sur&ce ; and 
if we suppose y to receive the increment CC = ib, we shall 
have, by Taylor's formula, 

N'Q'=/(«",y + k)=z+f^k + 0^ + &o., 

in which x is regarded as constant and equal to x'*. 

In the same way, if y =^y^' in the equation of the surface, 
and z and x vary, we shall have the curve eMN, and if x 
receive the increment hh' = A, 

NQ=/(a:+*,y') = « + |*+g^ + &c 

If now X and y at the same time receive the increments h and 
k respectively, we have. Art. (46), 

MT' = ,' =:/[^ + A, y + ifc) = « + ^ A + £ ^ + &C. 

dz dl^z 

ay dxdy 

dfz V 
+ ^1:2 + ^"- 



or 



z' ^z =p^ + V'lc + \{qlf + ^'hk + q"V) + &c. ; 



by making 



cZz dz , ePz - 
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When X = x", equation (8) gives 

dz=^dy = p'dy, or ^ = p' (4), 

equations which evidently belong only to the section dMd' 
parallel to YZ. 

If y= y"y the corresponding equations for the section parol- 
lei to XZ are 

^^^■Ji^^'P^y or ^ = P (5). 

dz 
The value of -r- 9 equation (4), is the tangent of the angle 

which a tangent to the section dMd'j at any point, makes with 

dz 
the axis of Y, or with the plane XY ; and — , equation (5), the 

corresponding expression for the section eMN ; and since these 
angles are the same as those made by the curves at the point of 
contact, with XY, they give the inclination or slope of the surface 
in the direction of these curves. 



221. If it be required to find the slope of the surface at any 
point, as M, along the section MM' made by the plane MMTP', 
we take the equation of this plane 

y = aa? + (1), z indeterminate ; 

a being the tangent of the angle made with the axis of X by the 

dy k 
trace PP', and equal to ~ = t« 

Now in order that z shall represent only the ordinates of points 
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in the section MM', the relation expressed in equation (1) must 
exist between the variables x and y, and we must have 

dy^ adx, 
which in equation (3) of article (219), gives 

dz = (p + ap')dx» 

M'F — MP 

The limit of the ratio pp^ is evidently the tangent of the 

angle (S) which the tangent, and consequently the curve at the 
point M, makes with PP', or with the plane XY. 

But since 

pp/ = Vfq' + pq" = h vTTl?, 

we have 

M'P' - MP z^ -z 



PF n VTT?' 

the limit of which is 

1 dz p + op' ^ -, 

—7 X T- = -~-^-^--- = tang S. 

Vl + tt* dx Vl +a' 

To find the direction in which the section MM' must be made 
in order that the slope at a given point M, along the curve cut out, 
be greater than along any other, it is only necessary to obtain that 
value of a which will render the expression 

p+ op' 
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a maximum, the values of p and p' being taken at the given 
point M. Differentiating the expression with reference to cc, and 
placing the result equal to o, we have 

p' — pa 



(1 + a»)f 



whence 



p' 
p'— pa = o, *~^* 

This value of a substituted in equation (1), (jS being first deter- 
mined by the condition that the line PP' shall pass through P), 
will give an equation, which, combined with that of the surface, 
will determine the line of greatest slope* 



222. The co-ordinates of a given point M, being x"^ y, and 
z" ; the equations of a tangent to the section parallel to XZ at 
this point, will be 

2 — 2" = m(x — «"), y=iy"; 

and to the section parallel to YZ, 

z^z" =. n{y — y"), a? == «" ; 

Ar Ax. 

in which m and n represent what -j- and -p, equations (5) 

and (4) of article (220), become, when a?", y^' and z" are substituted 
for a;, y and z. 
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The line, of which the equations are 

2 -^ 2" = - i (a: - ic"), z - 2" = - l(y - y"), 

is perpendicular to both of these tangents, and, of course, to their 
plane, which is tangent to the surface. This line is then a nor- 
mal to the siA-face at the given point. The equation of a plane 
passing through this point is 

A{x - a;") + B (y - y") + C{z - 2") = 0. 

To make this plane tangent to the surface, it is necessary to in- 
troduce into its equation the conditions that it be perpendicular to 
the normal, which are 

A = — mC, B = — nC ; 

whence 

— m{x — x") ^ n(y — y") + (« — z") = 0, 

dz" d%" 

or denoting the values of m and n by ^-y,, and -=-77, substituting 

and reducing 

dH' dz" 

d^ (* - ^') + ^ (y - y") -{'- '") = (1). 

The equation and differential equation of the Ellipsoid are 

M2» + N/ + La:*-P = o, and ^zdz +^ydy + 'Lxdx = o', 
whence 

dz'_^_ _l^ dz^ Ny" 

dx"" M2"' dy""" M?'' 

39 
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which in equation (1), after reduction, give 

L«"(a? - x!') + Ny"(y — y") + M«"(« - z") = o, 
or since 

- Lx"« - Ny"' - Mz"«= - P, 

for the tangent plane to the ellipsoid at a given point. 

If M = N = L, we have, for the tangent plane to the sphere, 

zz'' + yy" + xx!' - R" = a. 

The distance from any point of the normal to the point of 
contact is, 

D = V (a? - x"f + (y - y"f + (z - z"f 
= {z" - z) ^/T+nF+r?. 

If 2 = 0, we have 

D = z" -v/TTotM^^ 

for the distance from the point of the normal in the plane XY, to 
the point of contact. 



223. One surface is osculatory to another, when it has with it 
a more intimate contact than any other surface of the same kind; 
and the conditions which must exist in order that a surface, given 
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in kind only, shall be osculatoiy to a given surface at a given point, 
can be determined by a method similar to that pursued in article 
(97). But from the nature of the case these conditions are more 
numerous and complicated, and their determination more difficult ; 
so much so as to render osculatory surfaces of little use in the 
measure of curvature ; hence another method has been devised 
which will now be explained. 

In article (107) we have seen that the centre of the osculatory 
circle at a point of a curve, may be regarded as the intersection 
of the normal at this point with the consecutive normal. Let 
this idea be extended to surfaces, and let us endeavour to find the 
intersection of a normal at a given point with its consecutive 

normals. 

• 

For this purpose we place the equations of a normal, Art. (222), 
under the form 

x-^x" + m{z'- z") = 0, y - y" + n{z " z") = o (1), 

in which m, n, x'', y'^ z'\ are constant for the same normal, but 
vary for different normals. In order to obtain the consecutive 
normals, we then vary x'', y, and 2;", so as to give consecutive 
points in all possible directions ; but if, in passing from the given 
point to these points, x, y and z remain the same, they will repre- 
sent the co-ordinates of the points of intersection of these nor- 
mals with the normal at the given point. 

Differentiating equations (1), with reference to m, n, a?", %f\ 
and z*'^ we have 

— die" — mdz" -{- dm{z — 2;") = 0, 

(2). 

- dy" - ni«" + dn{% — %") = o. 
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But 

dz'^ = mdx^' + ndy"j 

and since m and n are functions of a/' and tf'j and are partial 
differential coefficients of the first order, we have 

dm = qdx" + q^dy" , dn = q'dsxf' + q"dy" . 

Substituting these values in equations (2), we have 

- dx" — m'^dx" - mndjf" + (« - z") {qdx" + ^dy") = o (8), 

- dy"-n^dy"- mndx" +{z — z") {q'dx" + ^"rfy") == o (4). 

The value of z taken from either of these equations will be the 
ordinate of the point of intersection, if there is one, and there 
will he oney if the values of z, deduced from the two equations, are 
equal ; or if 

^+^+^"^5^ ^ ^ + ^^^ + ^ ^ (5). 

,dv" dv" 

The value of z being determined, the corresponding values of 
y and x may be found from equation (1). 

dy" 
If, in the equation of condition (5), we place H^ = 9 9 and 

reduce, we obtain 

[(I + n«)?' - mn^"]9« + [(1 ^n^)q - (1 + m^q"](^ 

= o...(6), 
— [(1 + n?)q' — mnq\ 
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which can only be satisfied by two values of 9. But these yalues 

of 9 or -^ , evidently indicate the direction of the curves 

which pass through the consecutive points, the normals at which 
intersect in the point (2;, ^, x). Hence, in general, there are but 
two directions in which sections can be made through the given 
point, so as to contain the consecutive normals. 

If now a new set of co-ordinate planes be taken, the origin 
being at the point under consideration, and the plane XY tangent 
to the surface at this point, the normal will then be the axis of 
Z, and we shall have 

and these values in the equation of the normal will give 

whence equation (6) reduces to 



or 



(p*+ ^-i-7^<p- 1 =0. 

Calling the roots of this equation 9' and 9'', we have 

9'9" = — 1 , or 9'9" + 1 = o . 

But 9' and 9'' are the tangents of the angles which the tan- 
gents to the sections, made by the planes containing the intersect- 
ing normals, make with the axis of X. The tangents being 
perpendicular to each other, the planes of the two sections are 
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also perpendicular. The osculatory circles to the two curves cut 
out by these planes, are then the only ones at this point whose 
centres lie in the normal to the surface, and by means of these 
the curvature of the surface is estimated. 

The expression for the length of the radius of curvature of 
either of these sections is, 

R^Viz- z'j + (y - ry + (« - ^0' ; 

or, by substituting the values of y — y" and x — «", from equa- 
tions (1), we have 

R = (z^ z")Vl'+~n?'+l? (7) . 

By eliminating -^^ from (3) and (4), we obtain 

-(1 +m*) + (z-z")q ^ mn — (a? — z")q' 

mn—(z — z")q' ~ — (1 + n*) + {z^z")q" * 

and substituting the value 

R 



z-^z" = —- 



Vl + m^' + n'' 
deduced from (7), we have, after reduction, 

(=0 (8). 

- R[(l + m')q"+ (1 + n')q ^ 2mn^]Vn-m» + n* > 

By the solution of this equation we can determine the two 
values of R. The greater belongs to the circle of least curva- 
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tore, and the least to the circle of greatest curvature. If these 
values have the same sign, the curvatures ore in the same direc- 
tioD ; if contrary signs, the reverse is the case. 

The roots of equation (8) will enable us to determine the pro- 
jections of the tangents to the curves, on the plane XT, and 
theace the tangents, since they are in the tangent plane. The 
curves themselves will be obtained by passing planes through 
these tangents and the normal. > 



224. To determiae a general expression for the solidity of any 
solid ; denote the solid A&Pc-HZ, included 
by the sur&ce, the co-ordinate planes and 
the parallels ece' and dbd', by v. Since, by 
the equation of the bounding surface, z 
will always be given in terms of x and y, 
the solid may be regarded as a function of 
X and y. Let x be increased by A, y re- 
maining the same, we shall have the solid 




If y be increased by k, and x remain unchanged, we shall have 
the solid 



cPQ'c'-N'c=i'"- 






'W ' 



If now X and y be increased at the same time by the variables 
A and 1c respectively, we shall have the solid whose base is 
cPftft'P'c', or 
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dx daif^l.2 



ay dxdy 

^ dy* 1.2 ^ 



Subtracting the sum of the first two, from the last, we have 



solid PQFQ' . MM' = :^ » + , f!\^ h^k + &c. 

dxdy 1.2rfa?(fy 



If through M and M' planes be passed parallel to XY, two par- 
allelopipedons will be formed, having the common base PQP'Q' 
and the altitudes MP and M'F' ; the limit of the ratio of these 
solids will evidently be equal to unity, and since the solid 
PQP'Q' - MN is always less than one and greater than the 
other, the limit of its ratio to either will also be unity, Art. (85). 

The solidity of the first parallelopipedon being ?ik»MPf we have 
the ratio 



rue + o --- + &C. ^— ;- + - a - r-T + &C. 



dxdy daf^dy 1.2 dxdy dx^dy 1.2 

AA;.MP z 



and passing to the limit 



€P» 



% ' dxdy 
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or 



\dy) ^'^"^ 



dx 



_ 2 ^1 — I = zdx. 



(%)- 



Integrating with respect to Xj 



|=/.d. + Y. 



From this, 



dv = dyfzdx + Ydy. 



Integrating both members with reference to y<t 



V =■/ dyfzdx +fYdy + X, 



or Art. (164), 



V =pzdydx +fYdy + X. 



Since the integral /«cfo? + Y is evidently the area of one of the 
parallel sections as eMe' ; to obtain the whole soUdity represented 
in the figure, we must first take the integral between the limits 
X = o and x = ce', and then the second integral between the 
limits y = o and y = AY. 

To illustrate, let us determine the solidity of the pyramid 
ABD - C ; the equation of the plane BDC, being 

A' + 2y + 3z— 2 = o; 
40 
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whence 



w_ 2 — 2y ^ X 



The equation of DC is 



x + 2y=i2. 



or 



a: = 2 — 2y, 



AD =1, AC = 2, AB = -, 



Integrating with respect to«, 



=/*(^ 



2x '^2yx ix? 



i+Y> 



or taking the integral between the limits 

X = o and x = ce' = 2 — 2y, 



^=fdy 



(4 - 8y + Af) 



6 



Integrating now with reference to y^ between the limits 

y =i o and y = AD = 1, 
we obtain for the solidity 



/?' ^i't .t 



= BAD X - AC. 
3 



INTEGRAL CALCULUS. 



815 



225. Let BM M' be any curve in space, and B'PP' its projec* 
tion on the co-ordinate plane XY. 
Let the plane of the curve MM' 
make an angle ^ with the plane 
XY, and let its intersection with 
that plane be taken for the axis 
of X. Then, if the ordinate MQ 
be denoted by y', the area of the 
curve MM' will be 




8z=zfy'dx Art. (203). 

But any ordinate PQ of the projection is plainly equal to 
the corresponding ordinate MQ of the curve multiplied by 
cos MQP = cos ^, or 

y = y'cos^; 

hence the area of the projection B'PP', denoted by S, is 

S =.Jydx =fy' cos 13 dx = cos ^fy'dx = cos )S s ; 

that is, the projection of any plane area is eqwd to the area mvUi' 
plied by the cosine of the angle included hetvseen its plane and the 
plane of projection. 



226. Now, let u denote the area of any curved surface. It will 
be a function of x and y. By a process identical with that of 
Art. (224), we shall find the surface 



MNM'N' = ~Wfc + ^ ?^ +&C (1). 



dxdy 



da^dy 1.2 
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If a tangent pl&ne be drawn at M, and the fonr planea PN, 
QJA', dec. be prodnced, they will form on the 
tangent plane the parallelogram MORS. 

, The limit of the ratio of this ^wrallelogram 
and the surface MNM'N' will be unity, as 
may be proved by a process similar to that 

, puiBued in article (89). 

The aiea of the parallelogram ia equal to 
its projection PQP'Q' divided by cos /3 j /3 
being the angle which the tangent plane makes with XY. Bnt |3 
is also the angle which the normal MR' makes with MP or the 
axis of Z ; hence 




vTT^ 



— m and — m representing the tangents |-j-and -r-j of the an- 
gles which the projections of MR' make with the axis of Z, 
Art. (223) ; hence 



a MORS 



PQP'Q' 



hk 



= AiVl + m' + « 



Dividing equation (I) by this, we have 

MNM'N' _ Ardy dx'dy 1.2 "^ 



MORS v'l + m' + » 

to the limit, we have 



Vl+m^+n'" 
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whence 
and 



u =f^ dxdy Vl + «»' + rf 



For the sphere, we have 



whence 





ar»+y«+«s==R«; 


dz 


X — X 


dx 


« VR' -it"-^ 



= — OT 



dy z VR'-ar»-y« 



Vl + m^ + n«= ^ 



VR' — ar*-y* 



and 



/2 Re^griy 



'v/rT-V-T' 



Making -v/R^ — y* = R' , and integrating with reference to 
X, we have 






=/Rij,(si„--^=^+Y). 



31d 
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Taking the integral between the limits, 



a? = o 



and 



we have 



x=icef ^=- 'v/H'* — y", 




tt=/IWy-. 



Integrating again, with reference to y, we 
have 

and between the limits y = o, j^ = R, 



tt = 



flrR» 
2"» 



for one-eighth of the surface. The entire surface is then 



J. p. Wrioht, Printer, 
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